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Function Approximation – why?

Global knowledge of a potentially
complex or/and

expensive or/and
high-dimensional function
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Function Approximation – why?

Global knowledge of a potentially
complex or/and

expensive or/and
high-dimensional function

Function Approximation – where?

• Propagation of uncertainty

• Inference

• Control

• Filtering

• etc.
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Function Approximation – why?

Global knowledge of a potentially
complex or/and

expensive or/and
high-dimensional function

Function Approximation – how?

Exploit properties of f :

• regularity

• effective dimensionality

• sparsity

• low-rank
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Low-rank functions – Singular Value Decomposition (SVD)

• Discrete: A ∈ Rm×n

Am

n

m

r

r

r r

n

• Continuous: for f : X × Y → R, where X = [a1, b1], Y = [a2, b2], the SVD is

f(x1, x2) ≈ fr(x1, x2) =
r∑
i=1

σiφi(x1)ψi(x2)

Convergence: under regularity conditions lim
r→∞

fr = f [Schwab et al., 2006]

A function is low-rank if ∃r s.t. f(x1, x2) = fr(x1, x2)

A low-rank approximation is s.t. ‖f − fr‖2L2 =
∑∞

i=r+1 σi
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Low-rank functions – Singular Value Decomposition (SVD)

• Discrete: A ∈ Rn1×n2×n3

A[:,:,0]

r1

A[:,:,1] r1

r1

r1

• Continuous: for f : I1 × I2 × I3 → R and X = I1, Y = I2 × I3, the SVD is

f(x1, x2, x3) ≈ fr(x1, x2, x3) =
r∑
i=1

σiφi(x1)ψi(x2, x3)
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Tensor-train decomposition / Matrix product state
[Oseledets, 2011 / Fannes et al., 1992 and Klümper et al., 1993]

1 SVD on f with X = I1, Y = I2 × I3

f(x1, x2, x3) =

∞∑
α1=1

γ1(x1;α1)ϕ1(α1;x2, x3)

2 Truncate: f(x1, x2, x3) ≈
∑r1
α1=1 γ1(x1;α1)ϕ1(α1;x2, x3),

(
‖f − fr1‖ < ε

2

)
3 SVD on ϕ1(α1;x2, x3) with X = {1, . . . , r1} × I2 and Y = I3

ϕ1(α1;x2, x3) =
∞∑

α2=1

γ2(α1;x2;α2)γ3(α2;x3)

4 Truncate: ϕ1(α1;x2, x3) ≈
∑r2
α2=1 γ2(α1;x2;α2)γ3(α2;x3),

(
‖ϕ− ϕr2‖ < ε

2

)
5 Assemble:

f(x1, x2, x3) ≈
r1∑

α1=1

r2∑
α2=1

γ1(x1;α1)γ2(α1;x2;α2)γ3(α2;x3)

Convergence: under regularity conditions limr→∞ fr = f [Bigoni et al., 2016]
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1 SVD on f with X = I1, Y = I2 × I3

f(x1, x2, x3) =

∞∑
α1=1

γ1(x1;α1)ϕ1(α1;x2, x3)

2 Truncate: f(x1, x2, x3) ≈
∑r1
α1=1 γ1(x1;α1)ϕ1(α1;x2, x3),

(
‖f − fr1‖ < ε

2

)
3 SVD on ϕ1(α1;x2, x3) with X = {1, . . . , r1} × I2 and Y = I3

ϕ1(α1;x2, x3) =
∞∑

α2=1

γ2(α1;x2;α2)γ3(α2;x3)

4 Truncate: ϕ1(α1;x2, x3) ≈
∑r2
α2=1 γ2(α1;x2;α2)γ3(α2;x3),

(
‖ϕ− ϕr2‖ < ε

2

)
5 Assemble:

f(x1, x2, x3) ≈
r1∑

α1=1

r2∑
α2=1

γ1(x1;α1)γ2(α1;x2;α2)γ3(α2;x3)

Convergence: under regularity conditions limr→∞ fr = f [Bigoni et al., 2016]

9 MIT AeroAstro Daniele Bigoni dabi@mit.edu Ordering Heuristics for the Tensor-Train Decomposition 7.4.2016



Tensor-train decomposition / Matrix product state
[Oseledets, 2011 / Fannes et al., 1992 and Klümper et al., 1993]
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Tensor-train decomposition / Matrix product state
[Oseledets, 2011 / Fannes et al., 1992 and Klümper et al., 1993]

f(x1, . . . , xd) ≈
r1∑

α1=1

· · ·
rd−1∑

αd−1=1

γ(α0;x1;α1) · · · γ(αd−1;xd;αd)

• Number of basis: r1 +
∑d−2
i=1 riri+1 + rd−1

• Number coefficients discretization/projection: n1r1 +
∑d−2
i=1 rini+1ri+1 + rd−1nd

• For n1 = . . . = nd = n, r1 = . . . = rd−1 = r scaling: O
(
ndr2

)

Construction:

• Tensor spectral discretization [Hackbusch, 2012; Bigoni et al., 2016]

• Density matrix renormalization group (DMRG) algorithm [White, 1993]

• Maximum volume cross interpolation [Savostyanov et al., 2011 and 2014]

• Quantics tensor-train folding [Khoromskij et al., 2010]
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The ordering problem – An example

f(x1, x2, x3) = 2x1x2 + 2x2x3 +
1

x1 + x3 + 1
, 0 ≤ xi ≤ 1

Permutation set: Σ := {σ : {1, . . . , d} → {1, . . . , d}|σ is a bijection}

σ−1([1, 2, 3]) TT-ranks #F.eval. % Fill lev.

[1, 2, 3] [1,7,7,1] 8676 26.48%
[1, 3, 2] [1, 7, 2, 1] 6767 20.65%
[2, 1, 3] [1, 2, 7, 1] 6721 20.51%
[2, 3, 1] [1, 7, 2, 1] 4822 14.72%
[3, 1, 2] [1, 2, 7, 1] 6840 20.87%
[3, 2, 1] [1,7,7,1] 8080 24.66%

15 MIT AeroAstro Daniele Bigoni dabi@mit.edu Ordering Heuristics for the Tensor-Train Decomposition 7.4.2016



The ordering problem – An example

f(x1, x2, x3) = 2x1x2 + 2x2x3 +
1

x1 + x3 + 1
, 0 ≤ xi ≤ 1

Permutation set: Σ := {σ : {1, . . . , d} → {1, . . . , d}|σ is a bijection}

σ−1([1, 2, 3]) TT-ranks #F.eval. % Fill lev.

[1, 2, 3] [1,7,7,1] 8676 26.48%
[1, 3, 2] [1, 7, 2, 1] 6767 20.65%
[2, 1, 3] [1, 2, 7, 1] 6721 20.51%
[2, 3, 1] [1, 7, 2, 1] 4822 14.72%
[3, 1, 2] [1, 2, 7, 1] 6840 20.87%
[3, 2, 1] [1,7,7,1] 8080 24.66%

16 MIT AeroAstro Daniele Bigoni dabi@mit.edu Ordering Heuristics for the Tensor-Train Decomposition 7.4.2016



The ordering problem – An example

f(x1, x2, x3) = 2x1x2 + 2x2x3 +
1

x1 + x3 + 1
, 0 ≤ xi ≤ 1

Sensitivity analysis: two-way interactions with method of Sobol’

s2
ij :=

Vxi,xj [Exk [f(x1, x2, x3)]− E [f(x1, x2, x3)]]

V [f(x1, x2, x3)]
, k 6= i, j

Variables s2
ij

x1, x2 0.060
x1, x3 0.003
x2, x3 0.060

Sensitivity analysis carries very little information about the ranks.
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The ordering problem – A more involved example...

Permutation : σ ∈ Σ := {σ : {0, . . . , d− 1} → {0, . . . , d− 1}|σ is a bijection}

Partition : p ≤ d , n = [n0 < n1 < . . . < np] , d =

p∑
i=1

di =

p∑
i=1

(ni−ni−1)

Let g : Rp → R be a low-rank function.
Let hi : Rdi → R for i ∈ {1, . . . , p} be high-rank/low-rank functions.

f(x) := g
(
h1(xσ(n0), . . . , xσ(n1)), . . . , hp(xσ(np−1), . . . , xσ(np))

)
e.g. g(y) := y0 · · · yp−1 and hi(z) :=

1 +

di−1∑
j=0

zj

−di+1

Why would we care about this function?
We are using a low-rank method,

so we hope for the function to have overall low-rank structure.
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The ordering problem – A more involved example...

f(x) := g
(
h1(xσ(n0), . . . , xσ(n1)), . . . , hp(xσ(np−1), . . . , xσ(np))

)
e.g. g(y) := y0 · · · yp−1 and hi(z) :=

1 +

di−1∑
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zj
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d = 10 , σ([0, . . . , 9]) := [[6, 7, 5, 0], [8, 3, 4, 1], [2, 9]]

Discretization: Legendre polynomials, n = 32 Gauss points.

Blind TT-dmrg Ordered TT-dmrg

Ranks [1, 5, 19, 38, 33, 31, 29, 27, 12, 4, 1] [1, 5, 5, 5, 1, 5, 6, 6, 1, 4, 1]
# f eval. 1942411 ≈ 1.9× 106 70088 ≈ 7.0× 104

% f eval. 1.72× 10−7% 6.23−9%

Despite the function has low-rank structure,
this is not exploited.
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The ordering problem – Objectives

Use minimal information to estimate
the optimal ordering

for minimal tensor-train storage

σ∗ = arg min
σ∈Σ

c(σ) ,

c(σ) := rσ1 +

d−1∑
i=2

rσi−1r
σ
i + rσd−1 .

The problem is combinatorial and can be challenging to solve a priori!
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The ordering problem – Objectives

Additive assumption : fA(x) =

d−2∑
i=0

d−1∑
j=i+1

hij(xi, xj)

Use second order rank information to estimate
the optimal ordering

for minimal tensor-train storage
of a particular class of functions

σ∗ = arg min
σ∈Σ

c(σ) ,

c(σ) := r̃σ1 +
d−1∑
i=2

r̃σi−1r̃
σ
i + r̃σd−1 .

The problem is still combinatorial but computable!
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The ordering problem – Objectives

Use second order rank information to estimate
the sub-optimal ordering

for favourable tensor-train storage
of a particular class of functions

σ∗≈ arg min
σ∈Σ

c(σ) ,

c(σ) := r̃σ1 +

d−1∑
i=2

r̃σi−1r̃
σ
i + r̃σd−1 .
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Second order rank information
Let allow ourself to sample “few” slices of the tensor.

function Order2RankEst(A, nmin, nmax)
for 0 ≤ i < j < d do

R[i, j]← E
[
rank(A(i,j))

]
V [i, j]← V

[
rank(A(i,j))

]
end for
return (R, V )

end function

0 2 4 6 8
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0.5

1.0

1.5

2.0
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3.5

4.0

4.5

5.0

f(x) := g
(
h1(xσ(n0), . . . , xσ(n1)), . . . , hp(. . .)

)
g(y) := y0 · · · yp−1 and hi(z) :=

1 +

di−1∑
j=0

zj

−di+1

σ([0, . . . , 9]) := [[6, 7, 5, 0], [8, 3, 4, 1], [2, 9]]

What can we do with R and V ?
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Second order rank information
Let allow ourself to sample “few” slices of the tensor.

function Order2RankEst(A, nmin, nmax)
for 0 ≤ i < j < d do

R[i, j]← E
[
rank(A(i,j))

]
V [i, j]← V

[
rank(A(i,j))

]
end for
return (R, V )

end function
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Second order interaction assumption

Additive assumption : fA(x) =

d−2∑
i=0

d−1∑
j=i+1

hij(xi, xj)

• Rank matrix R contains the numerical ranks rij such that

hij(xi, xj) ≈
rij∑

kij=1

φ
(i,j)
i (kij ;xi)φ

(i,j)
j (kij ;xj)

• Variance matrix V expresses the confidence on the assumption

What is the upper bound on

c(σ) := r̃σ1 +
d−1∑
i=2

r̃σi−1r̃
σ
i + r̃σd−1 ,

for a given permutation/ordering σ?
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Second order interaction assumption – The rank graph

fA(x) =

d−1∑
i<j

hij(xi, xj)
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Let X1 = (x1) and Y1 = (x2, . . . , xd).

fA1 (X1,Y1) = gc(X1,Y1) + gr(Y1) ,

gc(X1,Y1) =

d∑
j=2

h1j(x1, xj) ,

gr(Y1) =

d−1∑
i=2

d∑
j=i+1

hij(xi, xj) .
r̂1 :=

d∑
j=2

r1j + 1
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Let X2 = (x1, x2) and Y2 = (x3, . . . , xd).

fA2 (X2,Y2) = gl(X2) + gc(X2,Y2) + gr(Y2) ,

gl(X2) = h12(x1, x2)

gc(X2,Y2) =

2∑
i=1

d∑
j=3

hij(xi, xj) ,

gr(Y2) =

d−1∑
i=3

d∑
j=i+1

hij(xi, xj) . r̂2 :=

2∑
i=1

d∑
j=3

rij + 2
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Second order interaction assumption – The rank graph

fA(x) =
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Let Xd−1 = (x1, . . . , xd−1) and Yd−1 = (xd).

fAd−1(Xd−1,Yd−1) = gl(Xd−1) + gc(Xd−1,Yd−1) ,

gl(Xd−1) =

d−2∑
i=1

d−1∑
j=i+1

hij(xi, xj)

gc(Xd−1,Yd−1) =

d−1∑
i=1

hid(xi, xd) ,
r̂d−1 :=

d−1∑
i=1

rid + 1
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Upper bound of tensor-train storage/efficiency

Additive assumption : fA(x) =

d−2∑
i=0

d−1∑
j=i+1

hij(xi, xj)

c(σ) ≤ ĉ(σ) := r̂σ1 +

d−1∑
i=2

r̂σi−1r̂
σ
i + r̂σd−1 + C ,

r̂σk :=
k∑
i=1

d∑
j=k+1

rσ(i)σ(j)
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Approaches to the “relaxed” ordering problem

Additive assumption : fA(x) =

d−2∑
i=0

d−1∑
j=i+1

hij(xi, xj)

σ∗ = arg min
σ∈Σ

ĉ(σ) ,

ĉ(σ) := r̂σ1 +

d−1∑
i=2

r̂σi−1r̂
σ
i + r̂σd−1 .

1 Hierarchical Clustering

2 Dynamic programming (greedy, branch and bound)
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Hierarchical clustering approach – The intuition

Let d = 5, r14 � rij and σ := I, i.e.

σ([1, 2, 3, 4, 5]) = [1, 2, 3, 4, 5]

1 r̂σ1 = r1,2 + r1,3 + r1,4 + r1,5

2 r̂σ2 = r1,3 + r1,4 + r1,5 + r2,3 + r2,4 + r2,5

3 r̂σ3 = r1,4 + r1,5 + r2,4 + r2,5 + r3,4 + r3,5

4 r̂σ4 = r1,5 + r2,5 + r3,5 + r4,5

ĉ(σ) := r̂σ1 +

d−1∑
i=2

r̂σi−1r̂
σ
i + r̂σd−1 .
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Hierarchical clustering approach – The method

Hierarchical clustering: generate a hierarchy of clusters minimizing the

“distance” within the clusters and maximizing the “distance” among the clusters.

Rank graph

dist(i, j) = rij

High ranks
connect

distant nodes

Proximity graph

dist(i, j) = rmax − rij + 1

High ranks
connect

close nodes

Cluster distance

d(S, T ) =
∑
s∈S
t∈T

dist(s, t)

|S| · |T |

Clustering result

Max. intra-clusters distance
corresponds to

Min. intra-clusters rank cuts
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Hierarchical clustering approach – Example
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f(x) := g
(
h1(xσ(n0), . . . , xσ(n1)), . . . , hp(. . .)

)
g(y) := y0 · · · yp−1 and hi(z) :=

1 +

di−1∑
j=0

zj

−di+1

σ([0, . . . , 9]) := [[6, 7, 5, 0], [8, 3, 4, 1], [2, 9]]
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Blind TT-dmrg Ordered TT-dmrg

Ranks [1, 5, 19, 38, 33, 31, 29, 27, 12, 4, 1] [1, 4, 1, 4, 5, 5, 1, 4, 5, 6, 1]
# f eval. 1942411 ≈ 1.9× 106 62916 ≈ 6.2× 104

% f eval. 1.72× 10−7% 5.59× 10−9%
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Conclusions

• Characterization of the ordering problem in TT/MPS decompositions

• Proposal of a pre-processing ordering heuristic

• Clustering approach to the solution of the proposed heuristic

Future works

• Better two-way interaction estimates

• Embed eigenspace information into the decomposition construction

•Make better use of the rank variance

• Connecting the ordering problem and the core sparsity

Thanks to:
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