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Inference — The Bayesian approach — Seismic tomography

p(0|d) oc p(d|d) p(6)

“Knowing the arrival
time and the hypocenter
of a number of
earthquakes, what is the
probability distribution
of the velocity model of
the crust?”

The earthquake image is licensed under Public Domain via Wikimedia Commons. Work in collaboration with A. Zunino
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Intractable distributions

@ We have access to densities but sampling is challenging.

e Classical Bayesian inference problems [El Moselhy et al., 2012]
p(6ld) < p(d|6)p(0)
e Filtering problems [see Spantini's presentation MS.42]

Xt+1 = ]-'(t,Xt,wt) We ~ W
Y;‘/ = g(t7Xta’yt) Ye ~ T

@® We have access to samples and we want to characterize their density.
[Parno et al., 2015]
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Measure transport — Pullbacks [PB] and Pushforwards [PF]

e p: R — R density of the distribution \;
e 7 : R? — R density of the distribution X,
o Let T : RY — R? be the map such that either

PF m=Typ=poT VT
PB p=T¢r=7m0T|VT)|

This means T is such that for X ~ \;, either

PF T(X)=Y ~ X,
PB T 1(Y)=X~X\
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3
|
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Measure transport — Pullbacks [PB] and Pushforwards [PF]

e p:R? — R density of the distribution \;
o 7 : R? — R density of the distribution o
o Let 7 : RY — R? be the map such that either

PF m=Typ=poT VT
PB p=T'r=7moT|VT|

This means T is such that for X ~ \;, either

PF T(X)=Y ~X
PB T l(Y)=X~X\
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Measure transport — Pullbacks [PB] and Pushforwards [PF]

e p:R? — R density of the distribution \;
o 7 : R? — R density of the distribution o
o Let 7 : RY — R? be the map such that either

PF m=Typ=poT VT
PB  p=Tir=moT|VT

This means T is such that for X ~ \;, either

PF T(X)=Y ~X
PB T l(Y)=X~\
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Measure transport — Pullbacks [PB] and Pushforwards [PF]

e p:R? — R density of the distribution \;

o 7 :RY — R density of the distribution Ao T
T
o Let T : RY — R? be the map such that either "
PF m=Typ=poT VT
PB  p=Tir=roT|VT] .

This means T is such that for X ~ )1, either \ﬁef
PF T(X)=Y ~ X

PB T l(Y)=X~X\

Note: T" must preserve mass!

Knothe-Rosenblatt rearrangement =

VA1, Ao absolutely continuous there exists a 7@ (5 :
triangular monotone map s.t. T'(d)\1) = d)\2 b
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Measure transport

Practical setting
p is the density of X ~ N(0,I) or some amenable distribution [reference]

7 is the density of an intractable distribution [target]
*

We seek a map 1™ such that Tip=.
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Measure transport

Practical setting

p is the density of X ~ N(0,I) or some amenable distribution [reference]
7 is the density of an intractable distribution [target]

We seek a map 1™ such that Tﬁ*p R

Minimization statement [El Moselhy et al., 2012]
For 2 the space of lower-triangular maps, solve

T* = argmin Dgp,(T}p||m) = arg min D (p||THr)

TeHA TeHA
= argminE,[log p] — E, [log7 o T + log |VT|]
TeH”

such that 9,, 7" > 0.
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Measure transport

Practical setting

p is the density of X ~ N(0,I) or some amenable distribution [reference]
7 is the density of an intractable distribution [target]

We seek a map T™ such that Tﬂ*p /.

Minimization statement [El Moselhy et al., 2012]
For {2 the space of lower-triangular maps, solve
T* = arg min Dgp,(Typ||w) = arg min Dy, (p||T%r)
TeHA TeHA
= argminE,[log p] — E, [logm o T + log |VT]
TeHA
such that 9,, 7% > 0.
@ We can use derivative based optimization if Vy log 7 or V2 log 7 are provided
@® We can explore 7 in parallel
© We can generate i.i.d. samples from Tﬁ*p ~ 7 in parallel

@ We can estimate convergence!
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Measure transport

Practical setting

p is the density of X ~ N(0,I) or some amenable distribution [reference]
7 is the density of an intractable distribution [target]

We seek a map T™ such that Tﬂ*p /.

Minimization statement [El Moselhy et al., 2012]
For {2 the space of lower-triangular maps, solve

T* = argmin Dk, (Typ||7) = arg min D, (pHTﬁﬂ')
TeHA TeHA

= argminE,[log p] — E, [log7 o T + log |VT]
TeH”

such that 9, 7™ > 0.
Note: Approximation of d functions up to d-dimensional!

Source of low-dimensional structure

e Adaptivity e Conditional independency

e Marginal independency e | ow-rank structure
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Transport maps — Adaptivity

@ Convergence criteria

® Refinement criteria
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Transport maps — Adaptivity

@ Convergence criteria
At optimality = Dkr (T} pl|lT) =0
\Y [log ﬁ] — %DKL(Tu*pHW) -0

® Refinement criteria
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Transport maps — Adaptivity

@ Convergence criteria — Variance diagnostic — V [1og ﬁ}

® Refinement criteria
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Transport maps — Adaptivity — Refinement criteria

e Minimize J2(T) = Dy (Tip||7), TP H—-R
over HA (dimHA = o)
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Transport maps — Adaptivity — Refinement criteria

e Minimize J2(T) = Dy (Tip||7),
over HA (dimHA = o0)

e For HE C HA (dimHE = no)
T§ = argminpeya JA(T)
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Transport maps — Adaptivity — Refinement criteria

e Minimize J2(T) = Dy (Tip||7),
over HA (dimHA = o0)

e For HE C HA (dimHE = no)
T§ = argminpeya JA(T)

e Equivalent to:
a} = arg mingcgn, J2(7'[a))
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Transport maps — Adaptivity — Refinement criteria

e Minimize J2(T) = Dy (Tip||7),
over HA (dimHA = o0)

e For HE C HA (dimHE = no)
T§ = argminpeya JA(T)

e Equivalent to:
a} = arg mingcgn, J2(7'[a))

e At optimality: V,J2(T[a}]) =0
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Transport maps — Adaptivity — Refinement criteria
e Minimize J2(T) = Dy (Tip||7), TP H—-R
over HA (dimHA = o)

e For HE C HA (dimHE = no)
T§ = argminpeya JA(T)

e Equivalent to:
a} = arg mingcgn, J2(7'[a))

e At optimality: V,J2(T[a}]) =0

T (Tin) < THT)

e The first variation V72 (T[ag]) # 0, which means
2 Sy There exists € > 0 such that
! _/*I/VJ'A[TJ
T; * * *
N S J* (Tlag) —eVI 2 (Tlag))) < T2 (Tlag))
HA
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Transport maps — Adaptivity — Refinement criteria
e The first variation VJ? (T'[a§]) : R? — R? is a map!

*1\ -1 P
W (T'[ag]) = (VxT) <Vx log W)
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Transport maps — Adaptivity — Refinement criteria

e The first variation V72 (T[a}]) : R — R? is a map!

*1\ -1 P
vJA (TTag]) = (VT) <Vx log T[aS]M)

e No new evaluation of Vy log 7 is required at the sample points {xy }
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Transport maps — Adaptivity — Refinement criteria

e The first variation V72 (T[a}]) : R — R? is a map!

*1\ -1 P
vJA (TTag]) = (VT) <Vx log T[aS]M)

e No new evaluation of Vy log 7 is required at the sample points {xy }

e For H2 D HL D HE (dimHY = ny), solve

b} = argmin HU[b] -vJa (T[ag])||L2
beR™ ’
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Transport maps — Adaptivity — Refinement criteria

e The first variation V72 (T[a}]) : R — R? is a map!

* _ —1 ,0
vJA (TTag]) = (VT) <Vx log T[aS]M)

e No new evaluation of Vy log 7 is required at the sample points {xy }

e For H2 D HL D HE (dimHY = ny), solve
b} = argmin HU[b] v (T[ag])HL%

beR”1

U[bj] informs about:
e active variables to be included in the components 7"

e active coefficients to be included in the parametrization of 7'(%)
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Transport maps — Adaptivity

@ Convergence criteria — Variance diagnostic — V [log 74|

@® Refinement criteria — First variation - V72 (T[a*])

J> H—-R

HA CH
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Example — The banana distribution

Conditionals along coordinate axes

Figure: Target 7
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Example — The banana distribution

Iteration 1 — Pushforward T}p

Conditionals along coordinate axes

Intensity coefficients map
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Example — The banana distribution

Iteration 2 — Pushforward T}p

Conditionals along coordinate axes

Intensity coefficients map

1.0

[

27 MIT AeroAstro Daniele Bigoni  dabi@mit.edu Adaptive measure transport 16.9.2016



Example — The banana distribution

Iteration 3 — Pushforward T}p

Conditionals along coordinate axes
Intensity coefficients map
0 1
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Example — The banana distribution

Iteration 1 — Pullback T%x

Conditionals along coordinate axes
Intensity coefficients map
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Example — The banana distribution

Iteration 2 — Pullback T%x

Conditionals along coordinate axes

\mems\ty coefficients map

X
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Example — The banana distribution

Iteration 3 — Pullback T¢x

Conditionals along coordinate axes
Intensity coefficients map
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Example — The banana distribution
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Example — Stochastic volatility

e Latent log-volatilities modeled with an AR(1) process fort =1,...,N (N = 30)
Xepr=p+¢(Xe—p)+m, ne~N(01), Xi~N(0,1/(1-¢%)
e Observe the mean return for holding the asset at time ¢
Y = grexp(Xy/2), & ~N(0,1)

e We want to characterize m ~ pu, ¢, X1.5|Y1.n

Smoothing and filtering marginals

— Filtering
— Smoothing

time

33 MIT AeroAstro Daniele Bigoni  dabi@mit.edu Adaptive measure transport 16.9.2016



Example — Stochastic volatility

Iteration 1 — Pullback T%x

Conditionals along coordinate axes
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Intensity coefficients map
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34 MIT AeroAstro Daniele Bigoni  dabi@mit.edu Adaptive measure transport 16.9.2016



Example — Stochastic volatility

Iteration 2 — Pullback T%x

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

Iteration 3 — Pullback T¢x

Conditionals along coordinate axes
Intensity coefficients map

O
.\

VT

oje]o]e]e]e]al-]
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oje]o]e]e]=

o/e]e/e]=]
Y=

Y=
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Example — Stochastic volatility

Iteration 4 — Pullback T%r

Conditionals along coordinate axes
Intensity coefficients map

O
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|

.
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olole/o/le/el=
o/o]e]e]e]=
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Y=

Y=
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Example — Stochastic volatility

Iteration 5 — Pullback T%x

Conditionals along coordinate axes
Intensity coefficients map
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Y=
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Example — Stochastic volatility

Iteration 6 — Pullback T%x

Conditionals along coordinate axes
Intensity coefficients map

.
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Example — Stochastic volatility

Iteration 7 — Pullback T%r

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

Iteration 7 — Pullback T%r

Conditionals along coordinate axes
Intensity coefficients map

VT
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Example — Stochastic volatility

Iteration 9 — Pullback T%x

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

Iteration 10 — Pullback T¥r

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

Iteration 11 — Pullback T¥r

Conditionals along coordinate axes
Intensity coefficients map

.
VT

oje]e]o]o]e|Q[]
o/0]e/o/e/e]*-!
oje]e]e]e]=
oje]e/e]=]
Y=

Y=
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Example — Stochastic volatility

Iteration 12 — Pullback T¥r

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

Iteration 13 — Pullback T¥r

Conditionals along coordinate axes
Intensity coefficients map
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Example — Stochastic volatility

101 ¢
& .\
S 10°¢ ‘\‘
&0 @
= L 3
= Te-a -

.:.i:’,, ---@
[ s
107!
0 100 200 300 400 500 600 700 800

Number of coefficients

Variance diagnostic

47 MIT AeroAstro Daniele Bigoni  dabi@mit.edu Adaptive measure transport

16.9.2016



Conclusions
Transport maps potential advantages

e Turns a Bayesian inference problem into an optimization problem

e We can use derivative based optimization if Vy logm or V2 log are provided
e We can explore 7 in parallel

e We can generate i.i.d. samples from Iyp~min parallel

e We can estimate convergence!

Key contributions

e First variation informed adaptivity

e No need for additional evaluation of m
o Exploits marginal independence present in the problem

o Numerical robust algorithm to perform adaptivity

U.S. DEPARTMENT OF

ENERGY
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Parametrization of transport maps

Requirements:

e Lower-triangular structure

T :R? — R?
T(l)(xl)
T (z1,22)
X

T (a1, ..., 24)

Note: log |VT| = Z?Zl log 9, T
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Parametrization of transport maps

Requirements:
e Lower-triangular structure

e Monotonicity (mass preservation), i.e. |VT| = H?Zl 02, T >0

T(i)(xlw-'vxi):Ci(xl7~~-axi—1)+/ exp (hi(z1,...,2i_1,t)dt
0

@ {®,} Hermite polynomials, {¥;} Hermite functions
@ {2;} and {¥,} radial basis functions
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