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Introduction
The solution of many inference problems requires the eval-
uation of integrals with respect to a complex target distribu-
tion νπ. Choosing a tractable reference distribution νρ, we
solve the transportation problem, i.e., we seek the map T
that pushes forward νρ to νπ, denoted T]νρ = νπ. In other
words, we seek:

T : Rd→ Rd s.t. νρ(A) = νπ(T (A)) , ∀A ∈ σ(Rd) .

This renders challenging integration problems tractable:

I [f ] =

∫
f (x)νπ(dx) =

∫
f ◦ T (x)νρ(dx) .

Measure transport
Let ρ be the density of νρ and π be the density of νπ.
The map T s.t. T]νρ = νπ defines the following identities:

Pushforward: T]ρ(x) = ρ ◦ T−1(x) |∇T−1(x)| = π , (1)
Pullback: T ]π(x) = π ◦ T (x) |∇T (x)| = ρ , (2)

and for X ∼ νρ, T (X) ∼ νπ.

(a) Densities (b) Monte Carlo (c) Sparse grid

Knothe-Rosenblatt rearrangement
For any νρ,νπ Lebesgue absolutely continuous there exists
a triangular monotone map T ∈ T> s.t. T (dνρ) = dνπ

T (x) =


T1(x1)
T2(x1, x2)

...
Td(x1, x2, . . . , xd)


T

The transport map framework
The transportation problem is cast as a minimization prob-
lem in terms of the Kullback-Leibler divergence [1, 2, 3]:

T ? = arg min
T∈T>

DKL(T]νρ‖νπ) = arg min
T∈T>

Eρ
[
− log T ]π̃

]
.

We approximate Eρ using the quadrature Qq:

T ? ≈ T ?q = arg min
T∈T>

Qq

(
− log T ]π̃

)
.

The elements in T> are defined by their components T (i),

T (i)(x1:i) = c(i)(x1:i−1) +

∫ xi

0

(
h(i)(x1:i−1, t)

)2

+ ε dt .

Let T k> ⊂ T>, with nk = dim(T k> ) < dim(T>) =∞.
This leads to the further approximation:

T ?q ≈ T ?q,k = arg min
T∈T k>

Qq

(
− log T ]π̃

)
.

The following variance diagnostic is a global convergence
criterion for the approximation of T ? in the space T>:

DKL(T]νρ‖νπ) ≈ 1

2
V
[
log

ρ

T ]π̃

]
as T → T ?

Types of low-dimensional structure
Smoothness and marginal independence [3] (adaptivity)

We seek T •> ⊂ T> (dim T •> <∞) s.t.

∃ T ∈ T •> s.t. V
[
log ρ/T ]π

]
< ε•

• First variation for enrichment
• Sample average approximation
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Multi-level, multi-fidelity, multi-scale preconditioning [4]

For a sequence of increasingly accurate and expensive
distributions π1, . . . , π`, we use the hierarchy of problems
(Ti)]ρ = T

]
i−1πi, Tk = T1 ◦ . . . ◦ Tk, to obtain (T`)]ρ = π`.

Conditional independence [5] (filtering and smoothing)

The dΘ×n·dZ dimensional distribution
of Θ,Z1:n|y1:n can be represented by

T = T1 ◦ T2 ◦ . . . ◦ Tn−1

where Ti are dΘ × 2 · dZ maps.

Low-rank transports (likelihood inf./active subspaces) [6]

For ρ = N (0, I) and a rotation U s.t.

U ]π(x) = µ(x1:κ)η(xκ+1:d) , η = N (0, I) ,

there is a κ-dimensional map T s.t.
(U ◦ T )]ρ = π

Biochemical oxygen demand model
Inference of the coefficients A and B of the BOD model:

B(t) = A(1− exp(−Bt)) + ε , ε ∼ N (0, σ2) ,

A ∼ U(0.4, 1.2) , B ∼ U(0.01, 0.31) ,

given n observations D := [B(1), . . . ,B(n)].
We approximate the joint distribution πB(1),B(2),A,B ≈ T]ρ.
This map can be used for fast online inference, noting

x1, x2 ∼ ρ then
[
T3(b1, b2, x1)
T4(b1, b2, x1, x2)

]
∼ πA,B|B(1)=b1,B(2)=b2

(1)

0.0

0.6
(2)

-3.0
0.0
3.0

A

0.0 0.3
-2.5
0.0
2.5

0.0 0.6-3.0 0.0 3.0-2.5 0.0 2.5

B

πB(1),B(2),A,B

A

0.0 3.0

0.0

2.0

0.0 2.0

B

πA,B|B(1)=b1,B(2)=b2

Z (left), Λ (right), y (circles)

6

7

8

9

10

0

1

2

3

4

5

6

0.00

0.32

0.64

0.96

1.28

1.60

1.92

2.24

2.56

×104

0

1

2

3

4

5

6

Realization of πZ|y and πΛ|y

Posterior mean and variance of Z|y
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Log-Gaussian Cox process
In the n = 64× 64 grid on D = [0, 1]2, with si being the center
of cell i, we consider the process (Yi)

n
i=1 representing the

number of points in a cell:

Yi ∼ Poisson(Λi) , Yi⊥⊥Yj|Λ , Λ = exp Z

Z ∼ N (2 log 64,Σ) , Σij = exp

(
−‖si − sj‖2
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)
Given observations y = (y1, . . . ,yd) we characterize

πZ|y(z) ∝ πy|Z(z)πZ(z)

The likelihood πy|Z(z) = g(z1, . . . , zd) is local, then the map

Tpr(x) =

{
µ1

µ2

}
+

[
L11 0
L12 L22

]
x , Σ = LL> ,

is such that T ]prπZ|y(z) = g(z1:d)η(z), where η = N (0, I).
In other words, T ]prπZ|y departs from N (0, I) in a d � n
dimensional subspace.
Hence a d dimensional map T is sufficient (Tpr ◦ T )]ρ = πZ|y.

Stochastic volatility
AR(1) process to model the log-volatility Xt of an asset:

Xt+1 = µ + φ(Xt − µ) + ηt ,

X1 ∼ N
(
0, 1/

(
1− φ2

))
, ηt ∼ N (0, 1) ,

µ ∼ N (0, 1) , φ = 2
exp(φ?)

1 + exp(φ?)
− 1 , φ? ∼ N (3, 1) .

The observed return Yt follows the price evolution model

Yt = εt exp(Xt/2) , εt ∼ N (0, 1) .

We characterize the full posterior µ, φ,X1:N |Y1:N ∼ π.
For N = 100, this is a 102-dimensional problem.
We use the conditional independence structure of π and
solve instead a sequence of (N−1) 4-dimensional problems.
The composition of these low-dimensional maps is s.t.:

(T1 ◦ . . . ◦ TN−1)]ρ ≈ π

Filtering Xt|Yτ≤t (left) and smoothing Xt|Y1:N (right)
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Filtering marginals
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Posterior/Smoothing marginals

Post. pred. Yt|Y1:N (left), vs. MCMC for Xt|Y1:N (right)

0 20 40 60 80 100

time

2.0

1.5

1.0

0.5

0.0

0.5

1.0

1.5

2.0

π
Y
y
|Y

0
:N

Data Posterior/Smoothing marginals (posterior predictive)

data

0 20 40 60 80 100

time

2.5

2.0

1.5

1.0

0.5

0.0

0.5

π
X
t|Y

0
:N

Posterior/Smoothing marginals - vs. unbiased

Filtering µ|Y1:N (left) and marginal µ, φ|Y1:N (right)
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Marginals along coordinate axes

Coradia 175 vehicle (left), top view (right)
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Filtered dynamics on 300 m track (v=30 m/s)
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Estimated parameters with 95% credible intervals
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Railway vehicle dynamics
Dynamics of a vehicle running on perturbed tracks:

Xk+1 = Φ(θ)Xk + εk , εk ∼ N (0,Σ(θ)) .

We observe Yk = [ÿb, ÿc, Ψ̇b]k through accelerometers:

Yk = A(θ)Xk + wk , wk ∼ N (0,Σw).

In this setting Φ(θ), Σ(θ), and A(θ) are nonlinear in θ.
We perform Bayesian inference for the parameters:

π(θ|Y1:N) ∝
∫
π(Y1:N |X1:N ,θ)π(X1:N |θ)dX1:N︸ ︷︷ ︸

Likelihood

π(θ) .

For a fixed θ the state-space model is linear; thus the
likelihood can be evaluated using Kalman recursions.
Therefore, the online update of T]ρ ≈ π(θ|Y1:N) can be
quickly performed exploiting the conditional indepen-
dence of the model.
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