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State-space model with hyperparameters
Zii1 =G(Zy,wi,©), Wi~ 1y, (©), ke A={0,...,n}
Y, = H(Zg, vy, 9) Vi~ (©), KkEECA
Zo ~ 1y(0) O ~ 1y
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ 1/0((")) s (") ~ Vg
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

©

™ (97 ZAlyE) x L (YE|@, ZA) ™ (97 ZA)
L(y=|0,Zx) = [] £(y41©,Zs)
kes

™ (0,Zp) = 7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

(0, Zoly=<0)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

7(0,Z1|y=<1)

Full Bayesian solution
™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
k€=

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

(0, Zaly=<2)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

(0, Z3ly=<3)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

Fixed lag smoothing

(0, Zoly=<2)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

Fixed lag smoothing

7(0,Z1|y=<3)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

Fixed point smoothing

(0, Zoly=)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA
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State-space model with hyperparameters

Ziy = G(Zk,Wk,(')) 5 Wy ~ I/wk(@) , ke A= {0,...,’11}
Yk:H(Zk,Vk,(")), vk~uvk(®), keZCA
ZO ~ l/o(@) s (") ~ Vg

Full Bayesian solution

™ (@7 ZA|yE)

™ (97 ZAlyE) x L (YE|@, ZA) ™ (@7 ZA)
L(y=|0,Zx) = [] £(y41©. %)
kes

™ (0,Zp) =7 (0) 7 (Zo|®) [ [ 7 (Zk|Zx—1,0)
keEA
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Measure transport — pullbacks [PB] and pushforwards [PF]

p

e Distribution v, with density p : RY — Rx
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Measure transport — pullbacks [PB] and pushforwards [PF]

p

e Distribution v, with density p : RY — Rx

e Distribution v, with density 7 : RY — R>g
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Measure transport — pullbacks [PB] and pushforwards [PF]

p

e Distribution v, with density p : RY — Rx
e Distribution v, with density 7 : RY — R>g
e For T : RY — R? we define

PF Tip=po T HVT™Y

PB Tt =moT|VT|
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Measure transport — pullbacks [PB] and pushforwards [PF]

p
e Distribution v, with density p : RY — Rx
e Distribution v, with density 7 : RY — R>g

e For T : RY — R? we define

PF Tip=poT HVT

PB Tt =moT|VT|
e We want T such that

PF Tyip=m

PB Ti'r=p
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Measure transport — pullbacks [PB] and pushforwards [PF]

e Distribution v, with density p : R? — R>g
e Distribution v, with density 7 : R — R>o
e For T : RY — R? we define

PF Tip=poT HVT™!

PB T'r =7 oT|VT|
e We want 7" such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T-1(Y) ~ v,
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Measure transport — pullbacks [PB] and pushforwards [PF]

e Distribution v, with density p : RY — R>g
e Distribution v, with density 7 : R? — R
e For T : RY — R? we define

PF Tip=poT YHVT !

PB T'r =7 o T|VT|
e We want 7 such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T7Y(Y) ~ v,
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Knothe-Rosenblatt rearrangement

For any v,, v, Lebesgue absolutely continuous

there exists a triangular monotone map 7' € 7% s.t. p
Tﬁp =T
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Knothe-Rosenblatt rearrangement

For any v,, v, Lebesgue absolutely continuous

there exists a triangular monotone map 7' € 7% s.t. p
Tﬁp =T

How to find the map T € 7~
such that Tip = 7?7
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from T p o m in parallel
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from T p o m in parallel

We are working on 7' C 75, so
how can we evaluate the quality of the approximation?
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Convergence criterion

T* = arg min Dky,(Tyv,||vr) = argminE, [log LN} +log [ 7
TeT: TeT: T
> >

Optimal T* € 7> and [7=1 = E, [logﬁ} =0

But, optimal T* € Tlor [T#1 = E, [log (ff)k] #0
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Convergence criterion

T* = arg min Dky,(Tyv,||vr) = argminE, [log LN} +log [ 7
TeT: TeT: T
> >

Optimal T* € 7> and [7=1 = Ep[logﬁ}zo

But, optimal T* € Tlor [T#1 = E, [log (ff)k] #0

Dxi(Typllve) =~ §V[log4=] as T — T* ]
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Pros & cons

T* = argmin D, (Typ||7) = argminE, [log %}
TET: TET: T

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel
+ We can generate i.i.d. samples from Tﬂ*p o 7 in parallel

+ We can assess convergence!
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Pros & cons

T* = argmin Dk, (Typ||7) = argminE, [log %}
TeT> TeT> T*m

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tfp < m in parallel

+ We can assess convergence!

— We need to approximate d functions of up to d variables!

T(l)(xl)
T(Q) (5(117 33‘2)

T(d)(l'l»"'axd)
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Pros & cons

T* = argmin D, (Typ||7) = argminE, [log %}
TET: TET: T

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tﬁ*p o 7 in parallel

+ We can assess convergence!

— We need to approximate d functions of up to d variables!

Sources of low-dimensional structure

e Conditional independence ® Smoothness

e Low-rank structure e Marginal independence

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



Decomposable transports
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Factorization in terms of the I-map G

ForZ ~v,, G=(V,€) is an I-map for v,
if
for all A, S, B (partition, S separator), Zs L Zg|Zg
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Factorization in terms of the I-map G

ForZ ~v,, G=(V,€) is an I-map for v,
if
for all A, S, B (partition, S separator), Zs L Zg|Zg

W
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Factorization in terms of the I-map G

ForZ ~v., G= (V,€) is an I-map for v,
if
for all A, S, B (partition, S separator), Z, 1l Zp|Zg

[

A S’ B’
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Factorization in terms of the I-map G

If G is an |I-map of v, and v, admits a positive continuous density 7

then

7 factorizes with respect to G, i.e. there exist ¥¢ s.t.

w(z) = I velze),  c<oo

ceC
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How to remove conditional dependencies?

W

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



How to remove conditional dependencies?

p A
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How to remove conditional dependencies?

P Tﬁﬂ'
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How to remove conditional dependencies?

P Tﬁﬂ'

Removing the dependencies all at once may be too expensive!
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Remove conditional dependencies sequentially

- ()

A S’ B’
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Remove conditional dependencies sequentially

- ()

A/ Sl B/

1
m(z) = ;¢A/u5l (zar, zs) )¥srup (2s, Z2B7)
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Remove conditional dependencies sequentially

- ()

A’ S’ B’
1
m(2) = —Yaus (zar, zs)Vsup (257, 2B7)

¢

There exists T} = Ly o Ry that pushes forward N'(0,1) to v, where

Li{(zsr, zar) za
Ll(z) = L‘f(ZS/) and Rl(z) = R‘lq(ZSI,ZB/)
zp R{ (zs, 2p1)

and L; pushes forward N'(0,1) to ¥ aus - ppr, with pgr ~ N(0,1)
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Remove conditional dependencies sequentially

I

A’ S’ B’
1
m(2) = —Yaus (zar, zs)Vsup (257, 2B7)

¢

There exists T} = Ly o Ry that pushes forward N'(0,1) to v, where

Li{(zsr, zar) za
Ll(z) = L‘f(ZS/) and Rl(z) = R‘lq(ZSI,ZB/)
zp R{ (zs, 2p1)

and L; pushes forward N'(0,1) to ¥ aus - ppr, with pgr ~ N(0,1)
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Remove conditional dependencies sequentially

.=

_Az A// S// B//
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Remove conditional dependencies sequentially

1

_Az A// S// B//

Lgﬂ' :

1
Lin(z) = EwA’iuA"uS” (zay, zar, zgn)bsrupr (zsm, zpr)
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Remove conditional dependencies sequentially

T

-ATL A// S// B//
1
Lgﬂ'(Z) = ;wAlUA”Us”(zA/Ji?zA”? ZS")wS"UB" (ZS”7 ZB//)

There exists Th = Ly o Ry that pushes forward N'(0,1) to ng, where

Z A Z

LAL(z zZan) zAL

Lo(z) = 2 \=STy =AY and Ry(z) = !
2( ) Lg(ZS//> 2( ) R‘;(ZS//’ZB//)
ZpB" RQB(ZSH, zB//)

and Lo pushes forward N (0,1) to Yarvanus - pBry With ppr ~ N(0,1)
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Remove conditional dependencies sequentially

)

-Az A// S// B//

—_

|
|
|
Lilim:
|
|

1
Lin(z) = zl/fA'iuA"us" (zay, zar, zgn)bsrupr (zsm, Zpr)

There exists Th = Ly o Ry that pushes forward N (0,1) to L%, where

ZA// ZA//
LAL(zS zZAr) zA/l/
Ly(2) = 2 \=5") and Ry(z) =
2= L) 2= RS (20, 2m0)
Z B! RQB(ZS//, ZB//)

and Lo pushes forward N (0,1) to Yarvanus - pBry With ppr ~ N(0,1)
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Remove conditional dependencies sequentially

LﬁzL%ﬂ' : /

- ZNI_ - A
1
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Remove conditional dependencies sequentially

)

- ZNI_ - A
1

Lﬁngw :

1
Lquﬂ'(Z) = ;wA’i’UA’” (ZA/L//’ ,ZA///)
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Remove conditional dependencies sequentially

)

- ZNI_ - A
1

Lﬁngw :

1
Lquﬂ'(Z) = ;wA’i’UA’” (ZAIL//’ ,ZA///)

There exists L3 that pushes forward N (0,1) to Lngﬂ', where

Ls(z) = [ ié%zm ]
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Remove conditional dependencies sequentially
L4LELim : = N(0,T)

1
LiLin(z) = Yapuam(zay, 2am)

There exists L3 that pushes forward N (0,1) to Lngﬂ, where

Lalz) = [ z?%IL/(I'ZAW) ]
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Stochastic volatility
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e Latent log-volatilities modeled with an AR(1) process fort =1,..., N

Xepr=p+o(Xe —p)+ne, m~N(0O,1), Xi~N(0,1/(1-¢7)

_ 5 Xp(9%) N
p~N(0,1), ¢_21+Tp((#)_1’ o* ~N(3,1) .

e Observe the mean return for holding the asset at time ¢
)/t =&t eXp(Xt/2) s Et ~ N(O, 1)

e We want to characterize 7 ~ pu, ¢, X1.n|Y1.n

Smoothing and filtering marginals

— Filtering
—  Smoothing

time
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State-space model with hyperparameters
Ziv1=G(Zp,wi,®), wr ~1,,(0), keA=0,...,n
Y, =H(Zy,vi,®), vi ~1,(0), keECA
Zy ~1p(©)

@%/>®>

yO yl Y2 Y3 y n

Full Bayesian solution
m(0,Znlyz) o< L(y=]0,Z4) 7(0,Zy)
L(y=|0,Zx) = [] £(y41©,Zs)
ke=

m(0,Zn) =7 (0) 7 (Zo|®) [ 7 (Zk|Zx—1,0)
keA
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Stochastic volatility

Step-by-step 6—dimensional example
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Stochastic volatility

On-line 102—dimensional example
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5o Filtering marginals

1.5+
1.0F
0.5}
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time
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X
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Posterior/Smoothing marginals
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Posterior/Smoothing marginals - vs. unbiased
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ort Framework for Online Nonlinear Filtering and Smoothing
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Data Posterior/Smoothing marginals (posterior predictive)
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Filtering marginals of the hyperparameter u

Ty,
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Key contributions

Robust on-line algorithm for nonlinear and non-Gaussian
filtering, smoothing and joint parameter/state estimation
via deterministic couplings and optimization.
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Key contributions

Robust on-line algorithm for nonlinear and non-Gaussian
filtering, smoothing and joint parameter/state estimation
via deterministic couplings and optimization.

Ongoing works

e Rao-blackwellized version for linear dynamics with nonlinear hyperparameters
e Learning of non-Gaussian graphical models

e Adaptive construction of maps

e Low-rank transports (likelihood informed/active subspaces)
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El Moselhy et al. “Bayesian inference with optimal maps”
Parno et al. “Transport map accelerated Markov chain Monte Carlo”
References: Marzouk et al. “An introduction to sampling via measure transport”

Spantini et al. “Inference via low-dimensional couplings”

Bigoni et al. “On the computation of monotone transports”
Software: https://transportmaps.mit.edu

Daniele Bigoni — dabi@mit.edu
Contacts: Alessio Spantini — spantini@mit.edu
Youssef Marzouk — ymarz@mit.edu

U.S. DEPARTMENT OF

WENERGY

Thanks to:
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https://transportmaps.mit.edu

Additional material
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Triangular monotone maps

triangular monotone

T. = {T ‘RY 5 RY: [T(x)], = T® (21, ..., az) and 9y, T® > 0}
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Triangular monotone maps

triangular monotone
o

T. = {T ‘RY 5 RY: [T(x)], = T® (21, ..., az) and 9y, T® > o}

Integrated squared representation — e > 0

n T 2
T )(xlzk) = Ck(xlzkfl) +/ (hk(xlzk,l,t)> +edt
0

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



Triangular monotone maps

triangular monotone

~ ——
77 = {T ‘R? 5 RY: [T(x)], = T® (a1, ..., a) and 8y, T® > o}

Integrated squared representation — e > 0

2
7o) =[]+ [ (o) et
0

Ck(ml:k—l) = Ziezk ai(bi(xl:k—l) hk(xlzkflvt) = Zjéjk qu}j(xlzkfl»t)

Tk

1

a
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Adaptivity
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Adaptivity

T* = argmin Dgi, (Tyv,||vr) = argminE, [log %}
TeTS TeTS Thm
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Adaptivity

T* = argmin Dgi, (Tyv,||vr) = argminE, [log %}
TeTS TeTS T*m

How to find the best subset 7' C 7.7
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Refinement criterion

T* = argminE [log %}
TeT> | Thm ,
J(T)
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Refinement criterion

TeT> ﬂ
J(T)

T* = argminE [log - }
—_———

Ty = argmin J(T)
TeT?
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Refinement criterion

T* = argmin E [log %}
TeTS T s ,
J(T)

Ty = argmin J (7))
TeT?

acR"™0

[as = argmin J (T'al)
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Refinement criterion

T* = argmin E [log %}
TETS T s 2

J(T)

Ty = argmin J (7))
TeT?

[ag — argmin J(T'[a])
acR"™0

VaJ (Taf]) = 0]
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Refinement criterion

T* = argmin E [log %}
TETS T 7-‘— 2

J(T)

Ty = argmin J (7))
TeT?

[36 = argmin J (T'[a])
acR"™0

VaJ (Taf]) = 0]

T (Tiyr1) < I(T)

The first variation V.7 (T'[a§]) # 0
Tz *Ti“ VI(T) There exists € > 0 such that
J (Tlag] — VT (Tlag])) < J (T[ag))
B(T,‘Zf) H
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Use the first variation to enrich the approximation space

VI (@l = (V1) (Vxlog g ) ]

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



Use the first variation to enrich the approximation space

VI (@l = (V1) (Vxlog g ) ]

e VJ (T[ag]) : RY = R%is a map in H D T~
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Use the first variation to enrich the approximation space

VI (@l = (V1) (Vxlog g ) ]

e VJ (T[ag]) : RY = R%is a map in H D T~

Projection on T O 72

bi = all;gmmllU[ | = VI (Tlag)llzz
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Use the first variation to enrich the approximation space

VI (T[ag]) = (VT)! (vx o T[apo]ﬁw) ]

e VJ (T[ag]) : RY = R%is a map in H D T~

Projection on T O 72

bi = all;gmmllU[ | = VI (Tlag)llzz

e No new evaluation of V, log 7 is required
e U[by] informs about active variables to be included

e U[b3] informs about active coefficients to be included
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Controlling the sample average accuracy

TIq(T)

» = argmin —E, [logTﬁﬂ} A arg min — Z log TP (x;) =: To
TET>k T€7~>k 1<i<q
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Controlling the sample average accuracy

TIq(T)

» = argmin —E, [log Tﬁﬂ} A arg min — Z log T (x;) =: To
TeTE TeTE 1<i<q
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Controlling the sample average accuracy

TIq(T)

» = argmin —E, [log Tﬁﬂ} A arg min — Z log T (x;) =: To
TE7—>’€ T€T> 1<i<q

Sample average approximation

éq,m < j(TI:) < éq’
(@)

)

'
=] T

T
.m To(Ty) O

jq Z min jq

TeT’C

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



Adaptivity ingredients

e Convergence criterion — Variance diagnostic : V [log ﬁ]

¢ Refinement criterion — First variation : V.7 (T[a*])

e Stability criterion — Sample average approximation : 6,,, < J(T}) < 0,

7>

&n

US

Enrich

Daniele Bigoni — Measure Transport Framework for Online Nonlinear Filtering and Smoothing



The banana distribution — d = 2

Conditionals along coordinate axes

Figure: Target 7
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The banana distribution — d = 2

Iteration 1 — Pullback T%x

Conditionals along coordinate axes

Intensity coefficients map

VT

[Reminder: T*7 ~ p, where p is the density of A/(0,T)
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The banana distribution — d = 2

Iteration 2 — Pullback T%r

Conditionals along coordinate axes

Intensity coefficients map

VT

[Reminder: T*7 ~ p, where p is the density of A/(0,T) ]
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The banana distribution — d = 2

Iteration 3 — Pullback T%r

Conditionals along coordinate axes
Intensity coefficients map

VT

[Reminder: T*7 ~ p, where p is the density of A/(0,T)
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The banana distribution — d = 2

100,

10°

107 ¢

™

2p/ 1% 7]

C
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10~
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107 ¢

10°®

4.0 4.5 5‘0 5‘5 6,‘0 6.5 7.0
Number of coefficients

Variance diagnostic
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Stochastic volatility of financial assets — d = 32

e Latent log-volatilities modeled with an AR(1) process fort =1,..., N (N = 30)
Xepr=p+d(Xy —p)+ne, ne~N(©0,1), X1~N(0,1/(1-¢%)
e Observe the mean return for holding the asset at time ¢
Y; = erexp(Xy/2), & ~N(0,1)

e We want to characterize m ~ p, ¢, X1.n|Y1.n

Smoothing and filtering marginals

— Filtering
—  Smoothing

time
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Stochastic volatility of financial assets — d = 32

Iteration 1 — Pullback T%x

Conditionals along coordinate axes

E VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 2 — Pullback T%r

Conditionals along coordinate

@ VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 3 — Pullback T%r

Conditionals along coordinate

@ Vol

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 4 — Pullback T¢x

Conditionals along coordinate axes

@ Vol

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 5 — Pullback T%x

Conditionals along coordinate

@ VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 6 — Pullback T%r

Conditionals along coordinate axes

i :
Val
[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 7 — Pullback T%x

IR
o|@ejele|/\

o|efe/e]e]e]o]/| VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]

ojo/e]oal=
1)
=

[
[
o
)
o
)
=]
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Stochastic volatility of financial assets — d = 32

Iteration 7 — Pullback T%x

Conditionals along coordinate

VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 9 — Pullback T%x

Conditionals along coordinate

VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Dan

Stochastic volatility of financial assets — d = 32

Iteration 10 — Pullback T¥r

Conditionals along coordinate axes

IS =
(Y=
)=

=]

SISICHCIN

o|oejele|/

olejejee|o]/|
olefe/e]e]e]e]/ Vol

[Reminder: T*r ~ p, where p is the density of N'(0,1)
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Stochastic volatility of financial assets — d = 32

Iteration 11 — Pullback T¥r

Conditionals along coordinate axes

VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 12 — Pullback T¥r

I

o|ofe|e]e]e]o]/ VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32

Iteration 13 — Pullback T¥r

I

o|ofe|e]e]e]o]/ VT

[Reminder: T*r ~ p, where p is the density of N'(0,1) ]
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Stochastic volatility of financial assets — d = 32
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