Variational Bayesian filtering and smoothing via low-dimensional transports

D. Bigoni (dabi@mit.edu), R. Baptista, A. Spantini, Y. Marzouk

Massachusetts Institute of Technology

AGU Fall meeting
Washington, DC - 12/11/2018

1 Daniele Bigoni — Filtering and smoothing via low-dimensional transports


mailto:dabi@mit.edu

Sequential data assimilation
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Sequential data assimilation

// @\
Zy VA Zo Zs

m(0,Zplyz) < L(y=|0,Z)) m(0,Z,)

L(y=]0,Za) = [] £ (v4l©,Z4)

ke=

m(0,2Zy) =7 (0) 7 (Z0|®) [ | 7 (Zk|Zk-1,0)
keA

2 Daniele Bigoni — Filtering and smoothing via low-dimensional transports



Sequential data assimilation
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Sequential data assimilation

S
Z Z/1/Z|2\Z3
T

7 (Zilyj<k) o /ﬁ (¥i<k|©, Zj<k) ™ (O, Zj<i) dO dZj <y,

L(y=l0,Zn) = [ £ (v4l©, Zs)

ke=

m(0,Zp) = m(0) 7 (20|®) [ [ 7 (Zk|Zk-1.0)
keA

2 Daniele Bigoni — Filtering and smoothing via low-dimensional transports



Transport maps — Pullbacks [PB] and Pushforwards [PF]

P
® Distribution v, with density p : R — Rx
® Distribution v, with density 7 : RY — R>g
® For T : R? — R? we define
PF Tip=poTHVT!
PB ’ﬁﬂzﬂoﬂ;T| | th >7ﬂﬂ
® We want T such that

PF Tﬁ,():’]T
PB Tér =p
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

® Distribution v, with density p : R? — R>g
® Distribution v, with density 7 : R? — R,
® For T : RY — R? we define

PF Tip=poT HVT !

PB Tir =71 oT|VT)|
® We want 7" such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T71(Y) ~ v,
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

® Distribution v, with density p : RY — Rx>o A
® Distribution v, with density 7 : RY — R>g T
® For T : R4 — R? we define 7T
PF Tip=po T HVT|
PB Tt =7 o T|VT)|

\)

® We want T such that
PF For X ~v,, T(X) ~ v, IO
PB ForY ~v,, T7}Y) ~v,

Knothe-Rosenblatt rearrangement

YV v,, v, Lebesgue absolutely continuous T(x) =
3 a triangular monotone map s.t. Tjp =7 3
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Minimize Kullback-Leibler divergence to find optimal map [EIMoselhy2012]

T* = argmin Dk, (Typ||7) = argminE, [log %}
TETS TeTS Trm

+ Gradient-based unconstrained optimization (if gradients are available)
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Ty p < m in parallel

+ We can assess convergence: Dy (Typ|m) =~ 1V, [log 7]

+ The map can be used as a preconditioner for other unbiased methods

— We need to approximate d functions of up to d variables!
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Minimize Kullback-Leibler divergence to find optimal map [EIMoselhy2012]

T* = argmin Dk, (Typ||7) = argminE, [log %}
TETS TeTS Trm

+ Gradient-based unconstrained optimization (if gradients are available)
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Ty p < m in parallel

+ We can assess convergence: Dy (Typ|m) =~ 1V, [log 7]

+ The map can be used as a preconditioner for other unbiased methods

— We need to approximate d functions of up to d variables!

Sources of low-dimensional structure

® Smoothness [B., Spantini, Marzouk] ® Conditional independence [Spantini2018]

® Marginal independence [B., Spantini, Marzouk] ~ ® Low-rank structure [B., Zahm, Spantini, Marzouk]
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How to remove conditional dependencies?
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Removing conditional dependencies — step 1

Find the map
mg (6)
Mo(0,20,21) = | MY(0,20,21)
im(l)(a,zl)

pushing forward N(0,1) to the first Markov component of 7 (0, Z,|y=):

(0, Zo, Z1) = L(y0|0, Zo)L(y1|0, Z1)7(Z1|O, Zo)7(Zo|O)7(O)
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Removing conditional dependencies — step 1
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Removing conditional dependencies — step 2

Find the map
mP(6)
M1(0,21,22) = | MY(0,21,22)
EUI%(O,ZQ)

pushing A/(0,I) to the second Markov component of Tgw:

™ (0,Z1,Zs) :=n(0,Z1) 7 (Z, ‘@’, Z\) (missing observation)
e =md©), Z|:=miO, 7))

T@fw :
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Removing conditional dependencies — step 2
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Removing conditional dependencies — step 3

Find the map
ms(6)
EDIQ(O,ZQ,ZQS) = mg(eaz27z3)
Sﬁé(e,z;;)

pushing AV/(0,1) to the third Markov component of Tngﬂ:

7T2 (@7 Z27 ZS) = 77(97 Z2> L (yd ‘@”) ZJ) ™ (ZJ ‘9”7 ZIQ/)
Q" =M omP(©), Z|:=M(0,Z)
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Removing conditional dependencies — step 3
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Removing conditional dependencies
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A framework for sequential inference

¢ Variational Bayesian algorithms for joint state-parameter inference
® Yelds filtering, smoothing, full posterior via composition of maps
e Constant cost per assimilation/prediction step

® Map parametrization (basis, sparsity) governs complexity/accuracy trade-off
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Lorenz 63
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Dynamics Assimilation model

g1 = uy +0.01- F(ug) +N(0,1071-T)

&=o(y—x)
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Smoothing
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Smoothing
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filtering smoothing
Order 1 Order 3 Order 1 Order 3
~ Avg. RMSE 739 x 107! 7.46 x 1071 4.82x 107! 4.86 x 107!
? Med. RMSE 6.49 x 107! 6.61 x 107! 4.18 x 107! 4.23 x 107!
® Var. RMSE 151 x 10! 1.55x 10! 5.62x 102 5.78 x 10~2
5 Avg. RMSE  8.37 x 1071 842 x 1071 4.67x 107! 4.72x 107!
j Med. RMSE  7.54 x 10~%  7.50 x 107! 4.11 x 107! 4.14 x 107!
£ Var. RMSE 223 x 101 2.25x10~1 553x 102 572 x 102
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Smoothing — maps vs. MCMC
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filtering smoothing

Order 1 Order 3 Order 1 Order 3

Avg. RMSE  7.39 x 107! 7.46 x 107! 4.82x 107! 4.86 x 107!
Med. RMSE 6.49 x 10~} 6.61 x 107* 4.18 x 1071 4.23 x 1071
Var. RMSE 151 x 107! 155 x 1071 562 x 1072 5.78 x 1072

at obs.

Posterior accuracy (d = 3000) Order 1 Order 3
V[log -] 8.58 x 1071 2.11 x 1071
Metropolis indep. A/R 33.7% 62.9%
Metropolis indep. ESS (worst) 0.68% 12.54%
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Lorenz 96
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Dynamics Assimilation model

%:(Z‘ \ ~Zj 9)Zj 1 —Z;+F wppr =y +0.01 - Fluy) + N (0,107 - T)
dt AR hy = O(ug) + N(0,0.5 1), k =0,10,...
je{l,...,40} , F = 8 (chaotic)
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Map sparsity ansatz
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Map sparsity ansatz
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Map sparsity ansatz
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Truth
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Order 1

Filtering ~ Smoothing (d = 4 x 10%)
~ Avg. RMSE  8.35 x 107! 7.40 x 1071
4‘; Med. RMSE 8.11 x 10~} 7.29 x 1071
® Var. RMSE  3.26 x 102 2.42 x 102
5 Avg. RMSE  9.20 x 101 7.34 x 107!
% Med. RMSE  9.01 x 107 7.25 x 1071
£ Var. RMSE 421 x 102 2.51 x 1072
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Key contributions

Algorithms for filtering, smoothing, and parameters estimation
via deterministic couplings and optimization.

Contact: Daniele Bigoni — dabi@mit.edu

Software: https://transportmaps.mit.edu

Bigoni et al. “Adaptive construction of measure transports for Bayesian inference”
Spantini et al. “Inference via low-dimensional couplings”
References: Marzouk et al. “An introduction to sampling via measure transport”
Parno et al. “Transport map accelerated Markov chain Monte Carlo”
El Moselhy et al. “Bayesian inference with optimal maps”
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