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Bayesian inference — an oversimplified example
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Bayesian inference — an oversimplified example
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posterior prior

Decisions under uncertainty

méin / L(v, 0)Tpos(v|d)dv
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Goal: characterize m,s(v|d), i.e.

e construct approximations
/ FO) oo (v]d)dv = / F()pon(vId)dv & 3 (v )t
=1
e control the error between 7,o5(v|d) and 7pes(v|d)

Difficulties:
ev € R? where d > 1

e The model G(v) is non-linear

e Evaluation of the model G(v) is expensive
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Outline

Transport maps
Adaptivity

Off-line learning / On-line inference
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

p

e Distribution v, with density p : RY — Rx
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

p

e Distribution v, with density p : RY — Rx

e Distribution v, with density 7 : RY — R>g
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

p

e Distribution v, with density p : RY — Rx
e Distribution v, with density 7 : RY — R>g
e For T : RY — R? we define

PF Tip=po T HVT™Y

PB Tt =moT|VT|
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

p
e Distribution v, with density p : RY — Rxg

e Distribution v, with density 7 : R¢ — R>g

e For T : RY — R? we define

PF Tip=poT HVT

PB  Tir=noT|VT| Typ }Tﬁﬁ
e We want 7" such that

PF Typ=m

PB Tir=p T
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

e Distribution v, with density p : R? — R>g
e Distribution v, with density 7 : R? — R>
e For T : R? — R? we define

PF Tip=poT HVT™!

PB T'r =7 oT|VT|
e We want 7" such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T71(Y) ~ v,
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

e Distribution v, with density p : RY — Rx
e Distribution v, with density 7 : RY — R>g
e For T : RY — R? we define

PF Tip=poT HVT

PB Tt =moT|VT|
e We want 7" such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T7}Y) ~ v,
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Transport maps — Pullbacks [PB] and Pushforwards [PF]

e Distribution v, with density p : R? — Rx
e Distribution v, with density 7 : RY — R>g
e For T : R? — R? we define

PF Tip=po T HVT|

PB Timr =7 oT|VT)|
e We want T such that

PF For X ~v,, T(X) ~ v,

PB ForY ~v,, T7'Y) ~v,

Knothe-Rosenblatt rearrangement

V v,, v, Lebesgue absolutely continuous
3 a triangular monotone map s.t. Tjp =7
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Triangular monotone maps

triangular monotone

T. = {T ‘RY 5 RY: [T(x)], = T® (21, ..., az) and 9y, T® > 0}
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Triangular monotone maps

triangular monotone
o

T. = {T ‘RY 5 RY: [T(x)], = T® (21, ..., az) and 9y, T® > o}

Integrated squared representation — e > 0

n T 2
T )(xlzk) = Ck(xlzkfl) +/ (hk(xlzk,l,t)> +edt
0
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Triangular monotone maps

triangular monotone

~ ——
77 = {T ‘R? 5 RY: [T(x)], = T® (a1, ..., a) and 8y, T® > o}

Integrated squared representation — e > 0

2
7o) =[]+ [ (o) et
0

Ck(ml:k—l) = Ziezk ai(bi(xl:k—l) hk(xlzkflvt) = Zjéjk qu}j(xlzkfl»t)

1

Tk

a
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p
Knothe-Rosenblatt rearrangement
V v,, v, Lebesgue absolutely continuous

3 a triangular monotone map s.t. Tjp =7 >

How to find the map T € 7~
such that Tip = 7?7
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tﬁ*up = v, in parallel
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Minimize KL-divergence to find optimal map

T* = argmin Dy, (Tyv,||vr) = argminE, [log %]
TeETS TETS T%m

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tﬁ*up = v, in parallel

We are working on 7' C 75, so
how can we evaluate the quality of the approximation?
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Convergence criterion — Variance diagnostic

T* = arg min Dky,(Tyv,||vr) = argminE, [log LN} +log [ 7
TeT: TeT: T
> >

Optimal T* € 7> and [7=1 = E, [logﬁ} =0

But, optimal T* € Tlor [T#1 = E, [log (ff)k] #0
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Convergence criterion — Variance diagnostic

T* = arg min Dky,(Tyv,||vr) = argminE, [log LN} +log [ 7
TeT: TeT: T
> >

Optimal T* € 7> and [7=1 = Ep[logﬁ}zo

But, optimal T* € Tlor [T#1 = E, [log (ff)k] #0

Dxi(Typllve) =~ §V[log4=] as T — T* ]
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Pros & cons

T* = argmin Dk, (Typ||7) = argminE, [log %}
TeTS TeTS Thm

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel
+ We can generate i.i.d. samples from Tfv, = vy in parallel

+ We can assess convergence!
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Pros & cons

T* = argmin Dk, (Typ||7) = argminE, [log %}
TeTS TeTS Thm

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tfv, = vy in parallel

+ We can assess convergence!

+ The map can be used as a preconditioner for other unbiased methods

Thr(x)
p(x)

m(x)
Typ(x)

[ 100mdx = [ 1607 ZTipxiax = [ 107607 i
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Pros & cons

T* = argmin Dkr,(Typ||7) = argminE, [log %}
TeT> TeT> Thm

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tﬁ*l/p = v, in parallel

+ We can assess convergence!

+ The map can be used as a preconditioner for other unbiased methods

— We need to approximate d functions of up to d variables!
T (1)
T(Q) (xl, 1’2)

T (xy,...,2q)
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Pros & cons

T* = argmin Dk, (Typ||7) = argminE, [log %}
TeTS TeTS Thm

+ Gradient-based unconstrained optimization if gradients are available
+ We can explore 7 in parallel

+ We can generate i.i.d. samples from Tfv, = vy in parallel

+ We can assess convergence!

+ The map can be used as a preconditioner for other unbiased methods

— We need to approximate d functions of up to d variables!

Sources of low-dimensional structure

® Smoothness e Conditional independence [Spantini '18]

e Marginal independence e Low-rank structure
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Adaptivity

T* = argmin Dgi, (Tyv,||vr) = argminE, [log %}
TeTS TeTS> T*m

How to find the best subset 7' C 7.7
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Refinement criterion

a; = argminE [log p~]
acR"k

N—_— ——
J(T(a))
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Refinement criterion

. p
af = argminE |log ———
ke [ gT{a}ﬁw}

J(T(a])
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Refinement criterion

. p
af = argminkE |lo =
ke [ gT{a}ﬁw}

J(T(a])

The first variation V.J (T'[a;]) # 0

There exists € > 0 such that
J (Tlag] —eVJT (T[ag))) < J (T(az])
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Use the first variation to enrich the approximation space

VI (W) = (V1) ( Vot 7 ]
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Use the first variation to enrich the approximation space

VI (W) = (V1) ( Vot 7 ]

e VJ (T[a;]) : R - RYisamapin LD T~
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Use the first variation to enrich the approximation space

VJ (Tlaj]) = (VD)™ (Vx = T[a%ﬁw)]

e VJ (T[a;]) : R - RYisamapin LD T~

e We find the “enriched” space TX 1 (T# > T2 5 T*), using

L%]

|UIb] - (Tfai] - eV7 (Tlag))) |

b} = arg min
beR™k

as a guidance criterion.
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Use the first variation to enrich the approximation space

VJ (Tlaj]) = (VD)™ (Vx = T[a%ﬁw)]

e VJ (T[a;]) : R - RYisamapin LD T~

e We find the “enriched” space TX 1 (T# > T2 5 T*), using

L%]

|UIb] - (Tfai] - eV7 (Tlag))) |

b} = arg min
beR™k

as a guidance criterion.

No new evaluation of log 7 or Vy log 7 are required
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Controlling the sample average accuracy

I4(T)

Ty = argmin —E, [log Tﬁw} ~ arg min —Q, [log Tﬂﬂ(xi)} = T7y
TeTE TeT
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Controlling the sample average accuracy

TIq(T)

Ty = argmin —E, [log Tﬁw} ~ arg min —Q, [log Tﬁﬂ(xi)} = T7y
TeTE TeT
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Controlling the sample average accuracy

TIq(T)

Ty = argmin —E, [log Tﬁw} ~ arg min —Q, [log Tﬁﬂ(xi)} = T7y
TeTE TeT

Sample average approximation

éq,m < J(T,:) < éq’
Ty (T3
Tam(T)
02 Ty O
~ 1 &
J, T)=— min J,(T
e (T) = 22 3 i, T(T)
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Adaptivity ingredients

e Convergence criterion — Variance diagnostic : V [log ﬁ]

¢ Refinement criterion — First variation : V.7 (T[a*])

e Stability criterion — Sample average approximation : 6,,, < J(T}) < 0,

7>

&n

US

Enrich

Daniele Bigoni — Adaptive construction fo Transport Maps for efficient sampling



Off-line learning / On-line inference

Joint distribution vv :  7/(X,0) := 7 (X|O©) 7(O)
Posterior distribution v : T(OX =x) x Lx(O)7(O)
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Off-line learning / On-line inference

Joint distribution vv :  7/(X,0) := 7 (X|O©) 7(O)
Posterior distribution v : T(OX =x) x Lx(O)7(O)

()
Let T(y,0) = [ ;(9) g)é’) } be such that TA(0,1) = vy,

then given data x

Cy(0) :=T9(y,0) is such that (Cy) § Vo R Vs

where y = (T(-"'))_1 (%)
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Biochemical Oxygen Demand
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Biochemical Oxygen Demand

We model the oxygen level at time ¢ by

X(t)=A(l —exp(—Bt))+¢e, &~N(0,0?),
A~U04,12) and B ~U(0.01,0.31)

and we want to
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Biochemical Oxygen Demand

We model the oxygen level at time ¢ by

X(t)=A(l —exp(—Bt))+¢e, &~N(0,0?),
A~U04,12) and B ~U(0.01,0.31)

and we want to

@ Off-line: characterize the joint distribution (X(1),...,X(4), A, B) ~ V.
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Biochemical Oxygen Demand

We model the oxygen level at time ¢ by

X(t)=A(l —exp(—Bt))+¢e, &~N(0,0?),
A~U04,12) and B ~U(0.01,0.31)

and we want to

@ Off-line: characterize the joint distribution (X(1),...,X(4), A, B) ~ V.

@ On-line: for data X, generate samples from the posterior (A, B|X = %) ~ v;.
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Biochemical Oxygen Demand — off-line phase

Iteration 1

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 2

0

Tir

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 3

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 4

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 5

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]

Daniele Bigoni — Adaptive construction fo Transport Maps for efficient sampling



Biochemical Oxygen Demand — off-line phase

Iteration 6

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 7

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 8

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 9

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 10

Tir VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 11

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 12

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase

Iteration 13

VT

[Reminder: Ttn' =~ p/, where p' is the density of N(0, I)]
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Biochemical Oxygen Demand — off-line phase
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Biochemical Oxygen Demand — on-line phase
A/R: 88.1% A/R: 77.5% A/R: 80.9%
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Dashed lines are contours of Markov Chains long 10°

generated with Metropolis-Hastings with independent proposals.
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Biochemical Oxygen Demand — on-line phase
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Key contributions

Algorithms for characterizing probability measures
via deterministic couplings and optimization,
exploiting smoothness and marginal independence

Contact: Daniele Bigoni — dabi@mit.edu

Software: https://transportmaps.mit.edu
Bigoni et al. “Adaptive construction of measure transports for Bayesian inference”
Spantini et al. “Inference via low-dimensional couplings”
References: Marzouk et al. “An introduction to sampling via measure transport”
Parno et al. “Transport map accelerated Markov chain Monte Carlo”
El Moselhy et al. “Bayesian inference with optimal maps”
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https://transportmaps.mit.edu

