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Function Approximation — why?

Global knowledge of a potentially
complex or/and
expensive or/and
high-dimensional function
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Function Approximation — why?

Global knowledge of a potentially
complex or/and
expensive or/and
high-dimensional function

Function Approximation — how?
Exploit properties of f:

e regularity

o effective dimensionality

e sparsity

e separability (low-rank)
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

@®SVDon fwith X =7, Y =1y x I3

f(@1, 20, 23) = Z Y1 (@1; )1 (s za, 3)

a;=1
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

@®SVDon fwith X =7, Y =1y x I3

f(@1, 20, 23) = Z Y1 (@1; )1 (s za, 3)

a1=1

@ Truncate: f(xy1,xq,23) ~ Z;‘l:l y1(z1; 1)1 (aq; 9, x3), (W < %)
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

@®SVDon fwith X =7, Y =1y x I3

f(@1, 20, 23) = Z Y1 (@1; )1 (s za, 3)

a1=1

@ Truncate: f(xy1,xq,23) ~ Z;‘l:l y1(z1; 1)1 (aq; 9, x3), (W < %)

QSVD on ng((l'l;l’Q,Ig) with X = {1, ..,7‘1} XIQ and y :Ig

oo
901(0’1;3327333) = Z 72(@151‘2;foz)’Ys(fl'fz;JfS)

as=1
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

@®SVDon fwith X =7, Y =1y x I3

f(@1, 20, 23) = Z Y1 (@1; )1 (s za, 3)

a1=1

@ Truncate: f(xy1,xq,23) ~ 221:1 y1(z1; 1)1 (aq; 9, x3), (W < %)

QSVD on ng((ll;l’Q,Ig) with X = {1, ..,7‘1} XIQ and y :Ig

oo
901(0’1;3327333) = Z 72(@151‘2;foz)’Ys(fl'fz;J?S)

as=1

O Truncate: 1 (a1;x2,x3) = Zzzl Yo (o za; ao)ys(ae; xs), (W < %)
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

@®SVDon fwith X =T, Y =T, x T4

o0
f(@1, 20, 23) = Z Y1 (@1; )1 (s za, 3)

a1=1

@ Truncate: f(xy1,xq,23) ~ 221:1 y1(z1; 1)1 (aq; 9, x3), (W < %)

QSVD on ng(Oél;l’Q,Ig) with X = {1, ..,7‘1} XIQ and y :Ig

oo
901(0’1;3327333) = Z 72(@153?2;foz)’Ys(fl'fz;a?S)

as=1

O Truncate: @1 (a5 @2, 23) & Y0y va(on; 295 a)y3(ao; x3), (W < %)
@ Assemble:

1 T2

flar,ma,w3) & Y Y yi(@n; an)ya(an; a3 0)s(an; w3)

(‘!1:1 (!gzl
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Tensor-train decomposition / Matrix product state
[Bigoni et al., 2016 / Oseledets, 2011 / Fannes et al., 1992 and Kliimper et al., 1993]

Td—1
frr(z,..., zq Z c Y mzia) (e ag) - yalagot; 2q)
a1=1 oaq—1=1

Number of basis: 7, + S 07 iy + ray ~ O(dr?)
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®Wj and A:= f(X)VW

Jj=1 j=1

For A€ R™M>**"d find T ={T7;,...,Zg—2} and J ={J1,...,Ti—2} s.t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

n2
ns
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®Wj and A:= f(X)VW

Jj=1 j=1

For A€ R™M>**"d find T ={T7;,...,Zg—2} and J ={J1,...,Ti—2} s.t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

. T2
', | —— .
R N2 T2 T T2
n n m 71 nag ng
1 1 1 " l
= A1) ~ ven T | Mvean
SVD '
AN N
\\\\\
Ny

s\:- n3
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®wj and A:= f(X)VvW
Jj=1 j=1
TT-DMRG-cross
For A€ R™M>**"d find T ={T7;,...,Zg—2} and J ={J1,...,Ti—2} s.t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

r
Lo = arg maxz |U(Z, J1)|
. —1 "
1 1
U(:, J1) = =
1 U(Z1, 7h)
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®wj and A:= f(X)vW
Jj=1 j=1

TT-DMRG-cross
For A € R"**"d find T ={Z,...,Z4 9} and T ={TN,...,Ta—2} s-t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

2 n3
) T2
Y| V(Zi, )"
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®wj and A:= f(X)vW
Jj=1 j=1

TT-DMRG-cross
For A€ R™M>**"d find T ={T7;,...,Zg—2} and J ={J1,...,Ti—2} s.t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

T2

J1 = argmaxy [V (Z1,J)|
T2 ny
V(Ty.:) T2

n3 = =

V(T1, h)

n2
n3

6
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®wj and A:= f(X)vW
Jj=1 j=1

TT-DMRG-cross
For A € R"**"d find T ={Z,...,Z4 9} and T ={TN,...,Ta—2} s-t.

I A = Artameg(Z D)lp <2 Al (ie 1 = frollzs S ellfllzz)

T2

—
Ny m il . T
1 na N2
1 ny R T
Ay T ~ e s | Mvean
: SVD '
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Tensor-train decomposition / Matrix product state
Construction — Density Matrix Renormalization Group
[White, 1993, Savostyanov et al., 2011 and 2014]

d d
X = X xj, W::®Wj and A := f(X)VW

Jj=1 j=1

For A€ R™M**"d find T ={7;,...,Zg o} and J ={J1,...,J4_2} s.t.

A — Art-ameg(Z, Dllp S e Al (e If = frrllzg Sellflicg)

+ Evaluation of O(ndr?) elements for d > 1
+ Rank revealing
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The ordering problem
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An example

1
x1,T9,T3) = 20109 + 20023 + —————, 0<x; <1
f(z1, 22, 23) 172 213 Tt st 1
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An example

1

—, 0<3; <1
$1+$3+1

f(z1, e, x3) = 20129 + 20973 +

Permutation set: ¥ := {0 : {1,...,d} — {1,...,d}|o is a bijection}

o '([1,2,3]) | TT-ranks #F.eval. % Fill lev.

1,2, 3] [1,7,7.1] 8676  26.48%
[1,3,2] 1,7,2,1] 6767  20.65%
2,1, 3] 1,2,7,1] 6721  20.51%
2,3, 1] [1,7,2,1] 4822 14.72%
3,1, 2] [1,2,7,1] 6840  20.87%
3,2, 1] [1,7,7,1] 8080  24.66%
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An example

1
) ’ =2 2 N OS ZS]-
f(z1, 29, 23) T1To + $2$3+$1+x3+1 T

Sensitivity analysis: two-way interactions with method of Sobol’

82» L Vﬂciﬂﬁj [El‘k [f(.%‘l,l'g,l'?))} —E [f(‘rl,x%x?,)“ k 751 .
v V[f(l'hx%xs)] ’ "

Variables ‘ sfj

T1,T2 0.060
T1,T3 0.003
o, T3 0.060
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A more involved example...

Permutation: 0 € ¥ :={0:{0,...,d—1} — {0,...,d — 1}|o is a bijection}

Partition : p<d, n=[ng<ni <...<mp),d=Y di=» (nj—ni1)

Let g : R? — R be a low-rank function.
Let h; : R% — R fori € {1,...,p} be high-rank/low-rank functions.

f(X) =g (hl (‘To(no)a R 7x0'(n1))7 (R hp(xcr(np,l)v s ’xa(np)))
—d;+1

eg. 9(y):=vyo---yp—1 and y;:=h(z):= |1+ Z 2j
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A more involved example...

f(X) =g (hl(xa(no)a e ,{L‘U(nl)), ceey h[)(wa(np_l)v NN ,xa(np)))
—d;+1

di—1
eg. 9(¥y)=vyo - Yp—1 and hi(z):= |1+ Z 2
j=0
d=10, o([0,...,9)) :=[[6,7,5,0],[8,3,4,1],[2, 9]

Discretization: Legendre polynomials, n = 32 Gauss points.
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A more involved example...

f(X) =g (hl(xa(no)a e ,{L‘U(nl)), ceey h[)(wa(np_l)v NN ,xa(np)))
—d;+1

di—1
eg. 9(¥y)=vyo - Yp—1 and hi(z):= |1+ Z 2
j=0

d=10, o([0,...,9]):=[[6,7,5,0],[8,3,4,1],[2,9]]

Discretization: Legendre polynomials, n = 32 Gauss points.

‘ Blind TT-dmrg ‘ Ordered TT-dmrg
Ranks [1,5,19,38,33,31,29,27,12,4,1] | [1,5,5,5,1,5,6,6,1,4,1]
# f eval. 1942411 ~ 1.9 x 106 70088 ~ 7.0 x 10*
% f eval. 1.72 x 1077% 6.2379%
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Objective

Use minimal information to estimate
the optimal ordering
for minimal tensor-train storage
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Objective

Use minimal information to estimate
the optimal ordering
for minimal tensor-train storage

” .
o = argminc(o
gaeE ( )7
d—1
clo):=r] + E ey o -
i=2
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Objective

Use minimal information to estimate
the optimal ordering
for minimal tensor-train storage

. :
0" = argmin c(o),

d—1
Ep— ag g g o
clo):=r] + E ryrs +ro_q .
i=2

The problem is combinatorial and can be challenging to solve a priori!
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Objectives

d—2 d-1

Additive assumption : f*(x) Z Z (@5, 905
=0 j=i+1

Use second order rank information to estimate
the optimal ordering
for minimal tensor-train storage
of a particular class of functions

* g
0" = argmin c(o),

d—1
c(o) =77 + E T 1T +7Tg_q -
i=2
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Objectives

d—2 d-1

Additive assumption : f*(x) Z Z (@5, 905
=0 j=i+1

Use second order rank information to estimate
the optimal ordering
for minimal tensor-train storage
of a particular class of functions

* g
0¥ = argmin c(o
gmin (o),
d—1
c(o) =77 + E T 1T +7Tg_q -
i=2

The problem is still combinatorial but computable!
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Objectives

Use second order rank information to estimate
the sub-optimal ordering
for favourable tensor-train storage
of a particular class of functions

" :
o'~ argmin c(o),

d—1
c(o) =77+ 7757+ 75, .
1=2
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Second order rank information

Let allow ourself to sample “few” slices of the tensor.

function ORDER2RANKEST(A, Nmin, Mmax)
for0<i<j<ddo

R[i,j] + E [rank(A(i’j))}
Vii,jl <V [rank(A(i’j))}
end for

return (R, V)
end function
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Second order rank information

Let allow ourself to sample “few” slices of the tensor.

function ORDER2RANKEST(A, Nmin, Mmax)
for0<i<j<ddo

R[i,j] + E [rank(A(i’j))}
Vii,jl <V [rank(A(i’j))}
end for

return (R, V)
end function

v S =9 (@otng)s - To(ny))s - ol -2)

35 | Cur
e 9(y):=vyo- -yp—1 and hi(z):= |1+ Z z

e o([0,...,9)) == [(6,7,5,0],[8,3,4, 1], 2,9]]
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Second order interaction assumption

d—2 d-1
Additive assumption : f*(x) Z (@, @5
=0 j=i+1

l\.‘J

e Rank matrix R contains the numerical ranks r;; such that

Tij

hm 'er'rj Z ¢(1,J) 7]7 ’L')Qslg'%])(kij;xj)

kij=1

e Variance matrix V expresses the confidence on the assumption
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Second order interaction assumption

d—2 d—
Additive assumption : f*(x) Z (@, @5
=0 j=i+1

l\‘)
,_.

e Rank matrix R contains the numerical ranks r;; such that
Tij
hlj vaxj Z ¢(7J) )¢(7)( vaj)
kij=1

e Variance matrix V expresses the confidence on the assumption

What is the upper bound on

c(o) —7“1—1—27“ Yo ok AR

for a given permutatlon/ordermg o?
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Second order interaction assumption — The rank graph

d—1
FA) = hij(i,z))

1<j
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Second order interaction assumption — The rank graph

5.0
45

4.0

35

3.0

25

2.0

15

10

05

0 2 4 6 8 00

Let Xy = (.%'1) and Yq = (xg, ... ,$d>.

0

d—1
FA) = hij(i,z))

1<j

(XL 1) = ge(X, 1) + 9. (1)

d
ge(X1, 1) = Zhlj(l'laxj) ;

j=2
d—1 d

gr(M1) = Z hij (i, x5)
i=2 j=i+1
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Second order interaction assumption — The rank graph

5.0
45
4.0
35
3.0
25
2.0
15
10
05

4 6 8 00

Qfd) .

131 (X2, Vo) = i Xa) + ge(Xo, Do) + g-(V2) ,
gi(X2) = hia(z1, 22)

d—1
FA) = hij(i,z))

1<j

0 2

Let Xy = (.%'1,.%2) and Yy = (ajg, ce
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Second order interaction assumption — The rank graph

5.0
45

4.0

35

3.0

25

2.0

15

10

05

0 2 4 6 8 00

Let X;_1 = (a;l, e ,(L'd,1) and V;_1 = (l‘d)

F (X1, Vao1) = g1(Xao1) + ge(Xa—1, Va1)
d—2 d—1

> hijlai, )

i=1 j=i+1

0

d—1
FA) = hij(i,z))

1<j

g1(Xa-1)

-1
9e(Xa—1,Ya1) = Y _ hial@i, zq) |
i=1
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Upper bound of tensor-train storage/efficiency

d—2 d-1
Additive assumption : f*(x) Z Z (@85, 005

=0 j=i+1

d—1
c(o) < é(o) == 7] +Zf§7—1ff +7g_1+C,
i=2

k d
=D D To@el)

i=1 j=k+1
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Approaches to the “relaxed” ordering problem

d-2 d-1
Additive assumption : f*(x) Z (@, a5
=0 j=i+1
0" = argmin&o)
d—1
é(o) = +Zr Y
=2
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Approaches to the

“relaxed” ordering problem

d—

l\‘)

Additive assumption : fA
=0 j=

*
= argminé(o) ,

o>
—

Q
N~—

d—

E (@, a5

=i+1

,_.

@ Hierarchical Clustering

® Dynamic programming (greedy, branch and bound)

Daniele Bigoni

— Ordering heuristics for tensor-train decomposition




Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,2,3,4,5]
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,2,3,4,5]

O =rio+rig+riatrs
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,2,3,4,5]

O =rio+rig+riatrs

@7 =ri3+Tr1a+115+7r23+T24+ 125
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,2,3,4,5]

O =rio+rig+riatrs

@7 =ri3+Tr1a+115+7r23+T24+ 125

Or =ria+mrs+roa+ros+r34+735
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,2,3,4,5]

O =rio+rig+riatrs

@7 =ri3+Tr1a+115+7r23+T24+ 125

Or =ria+mrs+roa+ros+r34+735

Or] =r15+725+735+T4s5
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,4,5,2,3]
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,4,5,2,3]

O =rio+rig+riatrs
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,4,5,2,3]

O =rio+rig+riatrs

@7 =rio+r13+r15+roa+ T34+ a5
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,4,5,2,3]

O =rio+rig+riatrs
@7 =rio+r13+r15+roa+ T34+ a5

O =ri2+tri3+reatr3atr2s+ 735
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Hierarchical clustering approach — The intuition

Letd =5, riy > Tij and o :=1, i.e.

o([1,2,3,4,5)) = [1,4,5,2,3]

O =rio+rig+riatrs
@7 =rio+r13+r15+roa+ T34+ a5

O =ri2+tri3+reatr3atr2s+ 735

O] =r13+re3+r34+735
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Hierarchical clustering approach — The method

Hierarchical clustering: generate a hierarchy of clusters minimizing the
“distance” within the clusters and maximizing the “distance” among the clusters.
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Hierarchical clustering approach — The method

Hierarchical clustering: generate a hierarchy of clusters minimizing the
“distance” within the clusters and maximizing the “distance” among the clusters. J
Rank graph Proximity graph
diSt(i,j) = Tij diSt(i,j) = Tmax — T4j +1
- > -
High ranks High ranks
connect connect
distant nodes close nodes
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Hierarchical clustering approach — The method

Hierarchical clustering: generate a hierarchy of clusters minimizing the
“distance” within the clusters and maximizing the “distance” among the clusters.

N—

Rank graph Proximity graph
dist(z,j) = rij dist(4, j) = rmax — 75 + 1
—>
High ranks High ranks
connect connect
distant nodes close nodes

Cluster distance

Clustering result

Z d|st (s,t) 3 Max. intra-clusters distance
|7'| corresponds to
tET Min. intra-clusters rank cuts
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Hierarchical clustering approach — Example

(%) =9 (7 (Zo(mo), - > Tonn))s - Ip(- )
—d;+1

di—

9(y) =0 -Yp—1 and h(z):= 1—|—sz

U([Oa s 79]) = [[63 7, 570]a [87 3,4, 1]v [ 79“
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Hierarchical clustering approach — Example

fx):=g (hl(xg(no), e Ta(ng))s e (e ))
: —d;+1
9(¥)=yo -yp-1 and hi(z):= 1—|-sz
. E— 0([07,9]) = [[63 7a570]a[873a4, 1]3[ 79“

s
e ° ® °
® —e ® °
s
e /e _—> —> ® °
2 .
® ) ® e
: —_ i =
° ® e e
o

2 9 7 6 0 5 4 8 1 3
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Hierarchical clustering approach — Example
(%) =9 (7 (Zo(mo), - > Tonn))s - Ip(- )

d;i+1
9(y):=yo-yp—1 and hy( (1—|— Z z])

U([Oa s 79]) = [[63 7, 570]a [87 3,4, 1]v [ 79“

| Blind TT-dmrg | Ordered TT-dmrg
Ranks [1,5,19,38,33,31,29,27,12,4,1] | [1,4,1,4,5,5,1,4,5,6,1]
# f eval. 1942411 ~ 1.9 x 106 62916 ~ 6.2 x 10*
% f eval. 1.72 x 1077% 5.59 x 1079%
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Hierarchical clustering approach — Piston Simulation Function
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Hierarchical clustering approach — Piston Simulation Function

/ M
C(x) =2r, | ———F—
4 k+ 5210 Iy
’ S PV
== | (/A2 + 4k T, — A
2 v 2k ( + To “ >

' A= PyS+19.62M — %

o u & w N = o

| Blind TT-dmrg | Ordered TT-dmrg
Ranks [1,3,4,11,12,11,6,1] | [1,2,2,4,7,7,6,1]
# feval. | 633875~6.3 x10° | 218041 ~ 2.2 x 10°
% f eval. 2.36 x 10~1% 7.50 x 1072%
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Conclusions
e Characterization of the ordering problem in TT/MPS decompositions

e Proposal of a pre-processing ordering heuristic

e Clustering approach to the solution of the proposed heuristic

Future works
e Better two-way interaction estimates

e Embed eigenspace information into the decomposition construction

e Make better use of the rank variance
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