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Abstract: We develop a statistical inference framework | The |low-dimensional structure of transports Learning non-Gaussian graphical models

based on the transportation of measures, where poten-

tially intractable distributions of interest are mapped to tract- Conditional independence relationships [3, 4] Smoothness and marginal independence Generalized precision

able distributions. The framework allows for rich trade-offs We seek 72 C 7> (dim 72 < o0) s.t. For continuous, non-Gaussian multivariate distributions, conditional independence between two vari-
f lexi d d b d o From the Markov structure of w, we . ! ables can be revealed as

of complexity and accuracy, and can be used for varia orove the existence of transports that AT TS st V [log p/T w} < e y

tional inference and statistical /earning. are decomposable and/or sparse. | o | X; AL Xj‘XV\{ij} <= 0;0;log m(x) =0Ve e R

Many sources of low-dimensional structure can be exploited | | J - PGS RN e EIEnmEn: Let 2 be the generalized precision matrix:

to design scalable algorithms within this framework. ~ Sample-average approximation
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Low rank (e.g., likelihood informed subspaces)

Multilevel, multi-fidelity, multi-scale preconditioning

The non-zero entries of €2 correspond exactly to the Markov structure of 7. In this way, the matrix is
For a sequence of increasingly accurate and expensive a generalization of the precision matrix in the Gaussian setting, which likewise encodes conditional
distributions =, ..., 7y, we use the hierarchy of problems independence.

2 ||(T)p =S 7, Tp = Ty 0. o Ty, to obtain (Ty)sp = m;.

Motivation For p = N(0,1I) and a rotation U s.t.

() = p(xy. | _
Inference, particularly in the Bayesian setting, entails in- v W(‘f”‘) “<f"'1-")77(w’f+1-d)’ n=AN{O,I),
tegration with respect to a complex target distribution v,. || =@ ~-dimensionaimap T's.t. (Ue T)yp =7

Choosing a tractable reference distribution v,, we solve . . | | Objective: Given a data set (from some unknown distribution 7) {x¥} i =1,... n,
the transport problem: find a map 7T that pushes forward 2 (e Alngnh,y (orales) - find the Markov structure of 7

v, to v,, denoted Tiv, = v,. In other words, we seek: ! Low-rank distributed parameters Proposed approach:

T R R st v,(A)=v,(T(4)), VA€ BR"). .. Gonsider the log-Gaussian Cox process (Y;);.,, dis-
I cretized on an n = 64 x 64 grid with cell centers s;:

» Use transport maps to represent and estimate the density

This renders challenging integration problems tractable: | ' » Given density, compute score of conditional independence via (2
y y w  Y;~Poisson(A;), Y;LY;A, A=expZ . Threshold scores to identify (sparse) graph
/ f@vr(de) / f(T(@)w,de). = Z~N(2logbd, ), B = exp ( Isi —s; Hz) ~ Reorder variables to approximate natural ordering
¢ » Recompute map, given candidate graphical structure. lterate. ..

The transport map framework

Let p be the density of v, and 7 be the density of v/,.
The map T’ s.t. Tiv, = v, defines the following identities:

Pushforward: Tip(x) =poT '(z) VT (z)| =,
Pullback: T'm(z)=moT(x) |VT(z)| =p,

- Given observations y = (y1, ..., yq) We Algorithm: Sparsity Identification in Non-Gaussian distributions (SING)
characterize the posterior distribution

Tziy(2) X Tyz(2)77(2)

~ The likelihood 7y z(z) = g(z1, ..., 2zq) is local.

Numerical example: Take pairs of random variables (X,Y):
X~N(0O1), Y=WX, where W ~ N(0,1)

Thus a “prior map”
and for X ~v,, T'(X) ~ v;. ( Li: O 2]
o T'(X) 0 | | | | Tpr(az):<’u1 Mt r. Y—=LLT.
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«° I Lw » In other words, Tz, departs from A(0,1) in a
0 : : [ | |
: . W, ! < n dimensional subspace. AR 10 ; o 10 ; 10
|, 0:48 » Hence a d-dimensional map 1" = [7-(;131: d); Id] From the left: the undirected graphical model; one- and two-dimensional marginal distributions for one pair (X,Y);
00 0.42 completes the inference. (1.0 T):p = 7T71... adjacency matrix of true graph, as found with SING; result assuming data is normal.
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For any v,, v, absolutely continuous, there exists a trian-| | » lllustration: stochastic volatility (SV) model with . CEREEERRSTS [ats=1,..., 5 boundary sensors
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gular monotone map 7' € 7~ s.t. T(dyp) = dv,. parameters © — (11, 0): Py .- Vo / uk(x) exp ( (cs — X) Laplace: mean, standard deviation, one sample
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