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Bayesian inference – an oversimplified example
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Decisions under uncertainty

min
δ

∫
L(v, δ)πpos(v|d)dv
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Goal: characterize πpos(v|d), i.e.
• construct approximations∫

f(v)πpos(v|d)dv ≈
∫
f(v)π̃pos(v|d)dv ≈

n∑
i=1

f(v(i))w(i)

• control the error between πpos(v|d) and π̃pos(v|d)

Difficulties:

• v ∈ Rd where d� 1

• The model G(v) is non-linear

• Evaluation of the model G(v) is expensive
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Transport maps – Pullbacks [PB] and Pushforwards [PF]

• Distribution νρ with density ρ : Rd → R≥0

• Distribution νπ with density π : Rd → R≥0
• For T : Rd → Rd we define

PF T]ρ = ρ ◦ T−1|∇T−1|
PB T ]π = π ◦ T |∇T |

• We want T such that

PF For X ∼ νρ, T (X) ∼ νπ
PB For Y ∼ νπ, T−1(Y ) ∼ νρ

Knothe-Rosenblatt rearrangement

∀ νρ,νπ Lebesgue absolutely continuous
∃ a triangular monotone map s.t. T]ρ = π
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Transport maps – Pullbacks [PB] and Pushforwards [PF]

• Distribution νρ with density ρ : Rd → R≥0
• Distribution νπ with density π : Rd → R≥0
• For T : Rd → Rd we define

PF T]ρ = ρ ◦ T−1|∇T−1|
PB T ]π = π ◦ T |∇T |

• We want T such that

PF For X ∼ νρ, T (X) ∼ νπ
PB For Y ∼ νπ, T−1(Y ) ∼ νρ

Knothe-Rosenblatt rearrangement

∀ νρ,νπ Lebesgue absolutely continuous
∃ a triangular monotone map s.t. T]ρ = π

T

T (x) =


T (1)(x1)
T (2)(x1, x2)

...
T (d)(x1, . . . , xd)
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Triangular monotone maps

T> =
{
T : Rd → Rd :

triangular︷ ︸︸ ︷
[T (x)]k = T (k)(x1, . . . , xk) and

monotone︷ ︸︸ ︷
∂xkT

(k) > 0
}
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Triangular monotone maps

T> =
{
T : Rd → Rd :

triangular︷ ︸︸ ︷
[T (x)]k = T (k)(x1, . . . , xk) and

monotone︷ ︸︸ ︷
∂xkT

(k) > 0
}

Integrated squared representation – ε > 0

T (k)(x1:k) = ck(x1:k−1) +

∫ xk

0

(
hk(x1:k−1, t)

)2
+ ε dt
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Triangular monotone maps

T n> =
{
T : Rd → Rd :

triangular︷ ︸︸ ︷
[T (x)]k = T (k)(x1, . . . , xk) and

monotone︷ ︸︸ ︷
∂xkT

(k) > 0
}

Integrated squared representation – ε > 0

T (k)(x1:k) = ck(x1:k−1) +

∫ xk

0

(
hk(x1:k−1, t)

)2
+ ε dt

Constant part

ck(x1:k−1) =
∑

i∈Ik aiΦi(x1:k−1)
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Knothe-Rosenblatt rearrangement

∀ νρ,νπ Lebesgue absolutely continuous
∃ a triangular monotone map s.t. T]ρ = π

How to find the map T ∈ T>
such that T]ρ = π?
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Minimize KL-divergence to find optimal map

T̂ = arg min
T∈T>

DKL(T]νρ‖νπ) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel
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Minimize KL-divergence to find optimal map

T̂ = arg min
T∈T>

DKL(T]νρ‖νπ) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel

We are working on T n> ⊂ T>, so
how can we evaluate the quality of the approximation?
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Convergence criterion – Variance diagnostic

T̂ = arg min
T∈T>

DKL(T]νρ‖νπ) = arg min
T∈T>

Eρ
[
log

ρ

T ]π̃

]
+ log

∫
π̃

Optimal T̂ ∈ T> and
∫
π̃ = 1 ⇒ Eρ

[
log ρ

(T̂)
]
π̃

]
= 0

But, optimal T̃ ? ∈ T n> or
∫
π̃ 6= 1 ⇒ Eρ

[
log ρ

(T̃ ?)
]
π̃

]
6= 0

DKL(T]νρ‖νπ) ≈ 1
2V
[
log ρ

T ]π̃

]
as T → T̂
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Pros & cons

T̂ = arg min
T∈T>

DKL(T]ρ‖π) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel

We can assess convergence!
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Pros & cons

T̂ = arg min
T∈T>

DKL(T]ρ‖π) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel

We can assess convergence!

T̂]ρ is a biased approximation of π.
How to reduce such bias?
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Use T̂ as a preconditioner for ... Importance Sampling

∫
f(x)π(x)dx =

∫
f(x)

π(x)

T̂]ρ(x)
T̂]ρ(x)dx =

∫
f ◦ T̂ (x)

T̂ ]π(x)

ρ(x)
ρ(x)dx

If T̂ ]π̃ ∝∼ ρ then V
[
T̂ ]π̃(x)
ρ(x)

]
≈ 0 and

N∑
i=1

f ◦ T̂ (xi) wi , wi =
w̃i∑N
i=1 w̃i

, w̃i =
T̂ ]π̃(xi)

ρ(xi)

will be an accurate estimator of
∫
f(x)π(x)dx

Daniele Bigoni – Layers of lazy maps for large-scale inference



Use T̂ as a preconditioner for ... Importance Sampling

∫
f(x)π(x)dx =

∫
f(x)

π(x)

T̂]ρ(x)
T̂]ρ(x)dx =

∫
f ◦ T̂ (x)

T̂ ]π(x)

ρ(x)
ρ(x)dx

If T̂ ]π̃ ∝∼ ρ then V
[
T̂ ]π̃(x)
ρ(x)

]
≈ 0 and

N∑
i=1

f ◦ T̂ (xi) wi , wi =
w̃i∑N
i=1 w̃i

, w̃i =
T̂ ]π̃(xi)

ρ(xi)

will be an accurate estimator of
∫
f(x)π(x)dx

Daniele Bigoni – Layers of lazy maps for large-scale inference



Use T̂ as a preconditioner for ... Markov Chain Monte Carlo

1 Generate the Markov chain {xi} with invariant distribution T̂ ]π
(use your favorite MCMC method/proposals)

2 The Markov chain {T (xi)} has invariant distribution π

If T̂ ]π̃ ∝∼ ρ then ρ is a good proposal for T̂ ]π̃.
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Use T̂ as a preconditioner for ... Transport Maps!

1 Solve T̂ = arg minT∈T n
>
Eρ
[
log ρ

T ]π

]
2 Solve T̃ = arg minT∈T n

>
Eρ
[
log ρ

T ]T̂ ]π

]
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Pros & cons

T̂ = arg min
T∈T>

DKL(T]ρ‖π) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel

We can assess convergence!

The map can be used as a preconditioner

We need to approximate d functions of up to d variables!
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Pros & cons

T̂ = arg min
T∈T>

DKL(T]ρ‖π) = arg min
T∈T>

Eρ
[
log

ρ

T ]π

]

Gradient-based unconstrained optimization if gradients are available

We can explore π in parallel

We can generate i.i.d. samples from T̂]νρ = νπ in parallel

We can assess convergence!

The map can be used as a preconditioner

We need to approximate d functions of up to d variables!

T (x) =


T (1)(x1)
T (2)(x1, x2)

...
T (d)(x1, . . . , xd)
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Exploit source of low-dimensional structure

1 Smoothness and marginal independence

• Ongoing work...

2 Conditional independence

• Variational filtering/smoothing and parameter estimation
[Spantini, B, Marzouk 2018; Houssineau, Jasra, Singh 2018]
• Ensamble filtering and smoothing
[Spantini, Baptista, Marzouk 2019]

3 Multilevel/multifidelity structure
[Parno, Moselhy, Marzouk 2018; Peherstorfer, Marzouk 2019]

4 Low-rank structure
[B, Zahm, Spantini, Marzouk 2019]
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Layers of lazy maps

Incrementally construct improving maps

by working on residual distributions.
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What is a lazy map?

Few (r � d) complex components and many “lazy” identity components:

T (x) =



T (1)(x1)

T (2)(x1, x2)
...

T (r)(x1, . . . , xr)
xr+1

...
xd


∈ Tr ⊂ T>

Maps of this type are effective if ρ and π agree along d− r coordinates.
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Assume there exists a rotation matrix Q such that∫
π ◦Q(ξ1:r,xr+1:d) dξ1:r =

∫
ρ(ξ1:r,xr+1:d) dξ1:r,

Then there exist a lazy map T ∈ Tr such that

T]ρ = Q]π
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Finding a good rotation Q

For any distribution νη with finite second moment, let

(Hη)ij =

∫
∂ir(x) ∂jr(x) η(x) dx , r := log(π/ρ).

If rank(Hη) = r and νρ = N (0, I), then

there exist a rotation Q and a lazy map T ∈ Tr
such that T]ρ = Q]π
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Certified approximation π? and optimal rotation Q
[Zahm 2018, Bigoni 2019]

Let the columns of U ∈ Rd×r be the eigenvectors corresponding to
the largest r eigenvalues {λi}ri=1 of Hη and let

π?(x) := f(U>x)ρ(x) ,

for f given by the conditional expectation

f(z) := E
[
π(X)/ρ(X)

∣∣∣U>X = z
]
, X ∼ ρ .

Then,

DKL (π‖π?) ≤ λr+1 + . . .+ λd and Q = [U|U⊥]
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In practical problems...

(Hη)ij =

∫
∂ir(x) ∂jr(x) η(x) dx , r := log(π/ρ).

• Hη will need to be approximated using some quadrature

• Hη will only be approximately low-rank

• The spectrum of Hη will depend on the sampling distribution νη

(the optimal distribution would be νπ itself)
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Construction of one lazy map

1: procedure LazyMap(π, ρ, ε, rmax)
2: Compute H =

∫
(∇ log π

ρ )(∇ log π
ρ )>dρ

3: Solve the eigenvalue problem Hui = λiui
4: Let r = rmax ∧min{r ≤ d : 1

2

∑
i>r λi ≤ ε}

5: Assemble Q = [U|U⊥].
6: Find T solution to minT∈Tr DKL(ρ||T ]Q]π)
7: return Q ◦ T
8: end procedure
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Greedy construction of lazy maps

1: procedure LayersOfLazyMaps(π, ρ, ε, r, `max)
2: Set π0 = π and ` = 0
3: while ` ≤ `max and 1

2 Tr(H`) ≥ ε do
4: `← `+ 1
5: Compute T` = LazyMap(π`−1, ρ, 0, r)
6: Update T` = T`−1 ◦ T`
7: Compute π` = (T`)

]π
8: Compute H` =

∫
(∇ log π`

ρ )(∇ log π`
ρ )>dρ

9: end while
10: return T` = T1 ◦ · · · ◦ T`
11: end procedure

T progressively “Gaussianizes” π.
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Composition of layers of lazy transport maps

InputsLazy mapOutputs Rotation Rotation Lazy mapRotation
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In practice...
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Log-Gaussian Cox process with sparse observations (d = 642)
S

ta
ti

st
ic

a
l

m
o

d
el Observables: Y := (Yi)

30
i=1 , Yi ∼ Poisson(Λi/d)

Latent field: (Λi)
d
i=1 ∼ logN (µ, cov(z, z′))

cov(z, z′) = σ2 exp
(
−‖zi − zj‖2 /(64β)

)
Posterior: π(Λ|Y = y?) ∝ π(Y = y?|Λ)π(Λ)
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Log-Gaussian Cox process with sparse observations (d = 642)
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Log-Gaussian Cox process with sparse observations (d = 642)
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Log-Gaussian Cox process with sparse observations (d = 642)
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Elliptic problem with unknown coefficients (d = 2601)
F

o
rw

ar
d

m
o

d
el

G
:
κ
7→
u


−∇ · (κ(x, ω)∇u(x, ω)) = 0 in Γ× Ω

u(x, ω) = 0 on x1 = 0

u(x, ω) = 1 on x1 = 1

−∂u
∂n(x) = 0 on x2 ∈ {0, 1}

κ(x, ω) = exp (g(x, ω)) , g(x, ω) ∼ N
(
0, Cg(x,x

′)
)

Cg(x,x
′) = exp

(
−|x− x′|

)

Bayesian inverse problem

πpos(κ|d)︸ ︷︷ ︸
posterior

∝
likelihood︷ ︸︸ ︷
Ld(κ)πpr(κ)︸ ︷︷ ︸

prior

= πε(d−G(κ))πpr(κ)
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Elliptic problem with unknown coefficients (d = 2601)
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Elliptic problem with unknown coefficients (d = 2601)
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Elliptic problem with unknown coefficients (d = 2601)
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Elliptic problem with unknown coefficients (d = 2601)
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Lazy iteration 
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1
2Tr(H )
1
2V[log /T ] ESS

A/R worst best avg.
π 0.4% ∼ 0% ∼ 0% ∼ 0%
T]π 28% 0.2% 1.6% 1.5%

Metropolis-Hastings with pCN
proposal (β = 0.5)

Daniele Bigoni – Layers of lazy maps for large-scale inference



Estimation of the Young’s modulus of a cantilever beam (d = 5)
F

o
rw

ar
d

m
o

d
el

G
:
E
7→

u  d
dx

[
E(x)

2(1+ν)

(
ϕ(x)− d

dxu(x)
)]

= q(x)
κA ,

d
dx

(
E(x)I d

dxϕ(x)
)

= κA E(x)
2(1+ν)

(
ϕ(x)− d

dxu(x)
)
.
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Estimation of the Young’s modulus of a cantilever beam (d = 5)
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Estimation of the Young’s modulus of a cantilever beam (d = 5)

0 1 2 3 4 5 6 7
Lazy iteration 
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1
2V[log /T ] ESS

A/R worst best avg.
68.3% 7.0% 38.7% 20.1%

Metropolis-Hastings with
indipendent proposals
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Key contributions

Algorithms for characterizing probability measures
via layers of low-dimensional deterministic couplings
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