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Introduction
We devise an algorithm for nonlinear Bayesian filtering and
smoothing based on low-dimensional couplings between a
tractable reference distribution νρ and complex target dis-
tributions {νkπ} closely related to the lag-1 smoothing dis-
tributions of the data assimilation problem. To this end we
we seek parametric maps {T k} pushing forward νρ to {νkπ},
denoted T k] νρ = νkπ, i.e., we look for:

T k : Rd→ Rd s.t. νρ(A) = νkπ(T k(A)) , ∀A ∈ σ(Rd) .

On top of characterizing the lag-1 smoothing distribution,
such maps also deliver the solution to the full Bayesian
problem, including all its filtering and smoothing marginals.

Measure transport
Let ρ be the density of νρ and π be the density of νπ.
The map T s.t. T]νρ = νπ defines the following identities:

Pushforward: T]ρ(x) = ρ ◦ T−1(x) |∇T−1(x)| = π ,

Pullback: T ]π(x) = π ◦ T (x) |∇T (x)| = ρ ,

and for X ∼ νρ, T (X) ∼ νπ.

(a) Densities (b) Monte Carlo (c) Sparse grid

Knothe-Rosenblatt rearrangement
For any νρ,νπ Lebesgue absolutely continuous there exists
a triangular monotone map T ∈ T> s.t. T (dνρ) = dνπ

T (x) =


T1(x1)
T2(x1, x2)
...

Td(x1, x2, . . . , xd)


T

The transport map framework
The transportation problem is cast as a minimization prob-
lem in terms of the Kullback-Leibler divergence [1, 2, 3]:

T ? = arg min
T∈T>

DKL(T]νρ‖νπ) = arg min
T∈T>

Eρ
[
− log T ]π̃

]
.

We approximate Eρ using the quadrature Qq:

T ? ≈ T ?q = arg min
T∈T>

Qq

(
− log T ]π̃

)
.

The elements in T> are defined by their components T (i),

T (i)(x1:i) = c(i)(x1:i−1) +

∫ xi

0

(
h(i)(x1:i−1, t)

)2

+ ε dt .

Let T k> ⊂ T>, with nk = dim(T k> ) < dim(T>) =∞.
This leads to the further approximation:

T ?q ≈ T ?q,k = arg min
T∈T k>

Qq

(
− log T ]π̃

)
.

The following variance diagnostic is a global convergence
criterion for the approximation of T ? in the space T>:

DKL(T]νρ‖νπ) ≈ 1

2
V
[
log

ρ

T ]π̃

]
as T → T ?

The sequential variational algorithm
Standard data assimilation problems can be formalized as follows: for the index sets Λ ⊃ Ξ,

π (ZΛ|yΞ) ∝
∏
k∈Ξ

L (yk|Zk)
∏
k∈Λ

π (Zk|Zk−1) π (Z0) .

Let us assume that at each step k ∈ Λ the map M1
k−1(z) such that (M1

k−1)]ρ(zk) = π (zk|yj∈Ξ, j≤k) is available,
and we are able to characterize the map Mk such that

(Mk)]ρ(zk, zk+1) =

[
M1

k−1(zk)
zk+1

]]
π(zk, zk+1|yj≤k+1) , where Mk(zk, zk+1) =

[
M0

k(zk, zk+1)
M1

k(zk+1)

]
.

Then the following hold true [4]:

Filtering: (M1
k)]ρ(zk+1) = π (zk+1|yj∈Ξ, j≤k+1)

Full solution: (Tk)]ρ(z0:k+1) = π (z0:k+1|yΞ≤k+1) where,

Tk :=


M0(z0, z1)

z2

z3

...
zk+1

 ◦


z0

M1(z1, z2)
z3

...
zk+1

 ◦ · · · ◦


z0

...
zk−2

zk−1

Mk(zk, zk+1)


Preconditioning the transport problem. At step k one needs to solve the problem

Mk = arg min
M∈T>

DKL

(
M]ρ(zk, zk+1)

∥∥∥∥∥
[
M1

k−1(zk)
zk+1

]]
π(zk, zk+1|yj≤k+1)

)
,

where the distribution on the right is π̃k(zk, zk+1) := ρ(zk) πZk+1|Zk
(zk+1|M1

k−1(zk))L(yk+1|zk+1).
For many dynamical system a reasonable ansatz for the next filtering distribution is the latest filtering itself.
This observation leads to the preconditioned, i.e. Gaussianized, problem

M̃k = arg min
M∈T>

DKL

(
M]ρ(zk, zk+1)

∥∥∥∥∥
[

zk
M1

k−1(zk+1)

]]
π̃k(zk, zk+1)

)
,

We then define Mk(zk, zk+1) :=

[
zk

M1
k−1(zk+1)

]
◦

[
M̃0

k(zk, zk+1)

M̃1
k(zk+1)

]
.

One inexpensive regression step can be used to avoid the recursion of the filtering maps in the algorithm:

M1
k(zk+1) = arg min

M1∈T>

∥∥∥M1(zk+1)−M1
k−1 ◦ M̃1

k(zk+1)
∥∥∥

Filtering
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Smoothing - maps vs. MCMC
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Lorenz 63
Dynamics

ẋ = 10(y − x)

ẏ = x(28− z)− y
ż = xy − 8

3z

Assimilation model

uk+1 = uk + 0.01 · F(uk) +N (0, 10−1 · I)

hk = O(uk) +N (0, 2 · I)

k = 0, 8, 16, . . .

filtering smoothing

Order 1 Order 3 Order 1 Order 3

Avg. RMSE 7.39× 10−1 7.46× 10−1 4.82× 10−1 4.86× 10−1

Med. RMSE 6.49× 10−1 6.61× 10−1 4.18× 10−1 4.23× 10−1

Var. RMSE 1.51× 10−1 1.55× 10−1 5.62× 10−2 5.78× 10−2

Posterior accuracy (d = 3000) Order 1 Order 3

V[log ρ
T ]π

] 8.58× 10−1 2.11× 10−1

Metropolis indep. A/R 33.7% 62.9%

Metropolis indep. ESS (worst) 0.68% 12.54%

Lorenz 96 – model I
dZj

dt
= (Zj+1 − Zj−2) Zj−1 − Zj + F

j ∈ {1, . . . , 40} , F = 8 (chaotic)

Assimilation model

zk+1 = zk + 0.01 · F(zk) +N (0, 10−1 · I)

hi = O(zi) +N (0, 0.5 · I) , i = 0, 10, . . .
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Lorenz 96 – model II
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dXn

dt
=

J∑
j=−J

J∑
i=−J

(
Xn−K+j−iXn+K+j −Xn−2K−iXn−K−j

)
/K2 −Xn + F

X ∈ Rd , d = 240 , K = 33 , J = (K − 1)/2 , F = 14 (chaotic)

Assimilation model (Reduced model including 99.9% of total power)

bk+1 = bk + 0.025 · K−1 ◦ F ◦ K(bk) +K−1N (0, 10−1 · I)

hi = O(K(bi)) +N (0, 10−2 · I) , i = 0, 4, . . . K(b) = µ + Kb

where V[X] = UΛU> , K := U1:rΛ
1/2
1:r and r = 21

filtering smoothing

in
cl

ud
in

g
pr

ed
ic

tio
ns Avg. RMSE 1.00 7.32× 10−1

Med. RMSE 8.27× 10−1 6.23× 10−1

Var. RMSE 5.63× 10−1 3.08× 10−1
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